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Abstract: The stability analysis of concrete gravity dams is challenging due to uncertainties in shear strength
parameters and external loads. Conventional crack-based Limit Equilibrium Methods (LEM), which rely on
the linear Mohr—Coulomb (MC) shear strength model, often yield conservative results because they neglect
nonlinear strength gain from joint roughness and dilation. Probabilistic approaches, such as Monte Carlo
Simulation (MCS), provide useful statistical insight but require extensive site-specific data and probability
distributions that are rarely available for existing old dams.

This work presents an Interval Finite Element Method (IFEM) framework for sliding stability assessment
under parameter uncertainty. The method integrates interval arithmetic with the nonlinear Barton—Choubey
(BC) shear strength model, an element-by-element assembly strategy to reduce dependency effects, and an
interval crack initiation and propagation criterion driven by tensile- and shear-stress conditions. External load
(uplift pressure) and boundary conditions are updated iteratively as the crack propagates. All uncertain
parameters, including Young’s modulus, density, Barton-Choubey shear strength parameters, are expressed
as intervals and incorporated into the IFEM framework.

The framework is validated through a concrete gravity dam case study using laboratory data, historical
temperature records, and construction photographs. Results show that the dam remains stable with interval
safety factors consistently above unity and crack lengths closely matching Monte Carlo Simulation (MCS)
predictions, while avoiding the excessive safety margins characteristic of LEM. The proposed IFEM approach
provides reliable, computationally feasible, and data-efficient safety bounds suitable for dams with limited
site information.
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Uncertainty, Interval Finite Element Method, Crack-Based Limit Equilibrium Method, Monte Carlo
Simulation, Dam Safety

1. Introduction

Concrete gravity dams resist hydrostatic, uplift, hydrodynamic, silt, thermal, and seismic loads primarily
through self-weight and shear resistance mobilized along the concrete—foundation rock interface. Sliding
stability along the base represents one of the governing limit states evaluated in dam safety assessments
(FERC, 2016; USACE, 2005). Reliable evaluation of sliding resistance requires realistic modeling of
interface shear strength and explicit treatment of uncertainty in material properties and loading conditions.

Traditional crack-based Limit Equilibrium Methods (LEM) typically employ linear Mohr—Coulomb
(MC) shear strength assumptions. However, laboratory and field investigations demonstrate that rock joint
shear strength is nonlinear and stress-dependent due to surface roughness and dilation effects (Barton and
Choubey, 1977). Linear MC models may therefore misrepresent sliding resistance, particularly when cracking
and uplift redistribution reduce effective normal stress.

Probabilistic approaches such as Monte Carlo Simulation (MCS) propagate uncertainty through repeated
sampling of random variables. Although statistically rigorous, these methods require defensible probability
distributions, which are rarely available for aging dams. Interval analysis provides an alternative uncertainty
framework that does not require probability distributions (Moore, 1979; Muhanna and Mullen, 2001). The
Interval Finite Element Method (IFEM) computes guaranteed bounds on structural response under bounded
epistemic uncertainty (Muhanna et al., 2007; Yadav, 2025).
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This study presents an application-focused comparison of deterministic LEM, Monte Carlo Simulation,
and IFEM for sliding stability assessment of a concrete gravity dam under parameter uncertainty. Unlike
previous applications of IFEM that assume uniform interval material properties, The present work integrates
the nonlinear Barton—Choubey (BC) shear strength model into a two-dimensional interval finite element
framework, with a spatially varying elastic modulus that accounts for moisture-dependent stiffness variations.
The formulation further couples uplift redistribution and crack propagation, enabling guaranteed safety
bounds without assuming probability distributions or relying on resultant-force simplifications inherent in
LEM.

2. Methodology

This section presents the governing formulations and computational procedures adopted in the deterministic
crack-based Limit Equilibrium Method (LEM), Monte Carlo Simulation (MCS), and Interval Finite Element
Method (IFEM) frameworks for sliding stability assessment of concrete gravity dams under parameter
uncertainty. While LEM employs the linear Mohr—Coulomb (MC) shear strength model, both MCS and IFEM
utilize the nonlinear Barton—Choubey (BC) model to represent the concrete—foundation rock interface
behavior. The factor of safety against sliding (FSS) is evaluated in each framework along the sliding interface.
The resulting formulations establish the basis for the numerical implementation in Section 3 and the
comparative evaluation presented in Section 4.

2.1 Deterministic Crack-Based Limit Equilibrium Method

The deterministic sliding stability assessment follows the crack-based Limit Equilibrium Method formulation
presented in Yadav (2025), consistent with current dam safety practice (FERC, 2016; USACE, 2005). The
overall analysis procedures are presented below.

2.1.1 External Loads

The governing external loads considered in this study are dead load (self-weight), hydrostatic forces acting
on the upstream and downstream faces, and uplift pressure along the sliding interface. Although concrete
gravity dams may be subjected to additional loads such as silt loads, hydrodynamic loads, thermal loads, and
seismic forces, the overall analytical procedure remains the same as presented in this paper.

The dead load or self-weight is a major stabilizing force and acts vertically downward through the
centroid of the dam cross-section (U.S. Army Corps of Engineers 2005, Federal Energy Regulatory
Commission 2016). It is computed as:

Fp = Veye (1)
where Fpy is the dead load or self-weight of dam, V.. is the volume of concrete, and vy, is the unit weight of
concrete.

Hydrostatic pressure acts perpendicular to the dam face and increases linearly with depth, producing a
triangular pressure distribution (De Sazilly 1853, United State Bureau of Reclamation 1987, White 2011).
For a vertical surface, the resultant hydrostatic force is given by:

1
Fh = Eywhz (2)
where Fy, is the hydrostatic force, vy, is the unit weight of water, and h is the depth of water.

The unit weight of water is taken as y,, = 9.81 kN/m3 (62.4 Ibf/ft3), in accordance with standard
engineering practice(United State Bureau of Reclamation 1987, White 2011). The resultant force acts at one-
third of the water height measured from the base. Figure 1 and 2 illustrates the dead load acting through C.G,
the hydrostatic pressure distribution and corresponding resultant force locations for both upstream and
downstream faces.

Uplift pressure is a critical vertical force that reduces the effective compressive normal stress along the
concrete—foundation rock interface and directly influences sliding stability (U.S. Army Corps of Engineers
2005, Federal Energy Regulatory Commission 2016, Nallanathel, Ramesh et al. 2018). For an uncracked
interface, uplift pressure is commonly assumed to vary linearly from the heel to the toe (Federal Energy
Regulatory Commission 2016), as depicted in Figure 1. When cracking occurs, the uplift pressure is assumed
to remain constant from the heel to the crack tip and is taken as equal to the headwater pressure, since water
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can freely enter the crack, followed by a linear decrease to the toe (Federal Energy Regulatory Commission
2016), as depicted in Figure 2.

Because the uplift distribution depends on crack length, and crack length itself depends on the applied
loads and resulting stress state, crack-based LEM requires an iterative uplift—crack coupling procedure to
obtain a consistent solution (Federal Energy Regulatory Commission 2016).
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Figure 1: Uplift pressure distribution for an uncracked Figure 2: Uplift pressure distribution for a cracked
interface interface

2.1.2 Failure Criterion Utilized in Limit Equilibrium Method (LEM)

In dam stability analysis, establishing a failure criterion is fundamental. The Limit Equilibrium Method
(LEM) evaluates stability by assuming the dam is at a limit state, i.e., on the verge of failure (Ali, Alam et al.
2012). At this state, the system satisfies static equilibrium under applied loads, meaning driving and resisting
forces and moments are balanced. The term “Limit” denotes the condition immediately preceding failure,
while “Equilibrium” implies that all external forces and moments are in balance (Ali, Alam et al. 2012). The
dam is treated as a rigid body without deformation, and equilibrium equations are used to compute the factor
of safety against sliding (FSS).

A key step in LEM is estimating the shear strength parameters along the concrete—foundation rock
interface, namely the friction angle (¢) and cohesion (c). For practical application, LEM adopts the linear
Mohr—Coulomb (MC) shear strength model, assuming a smooth failure surface. The shear strength is
expressed as (Weijermars 1997, Fell, MacGregor et al. 2015):

Ts=cC + optan¢d 3
where 14 is the shear strength, c is cohesion, o, is the effective compressive normal stress on the sliding
plane, and ¢ is the available friction angle.

Based on the known external forces and shear strength parameters, the factor of safety against sliding
(FSS) is computed as (Fell, MacGregor et al. 2015):

FSS = cAc + ?:Ccn tan ¢ @
S
where A is uncracked area under compression along the concrete-foundation rock interface and Fy is total
driving or sliding force along the interface, typically taken as the horizontal component of the resultant load
vector.

Due to uncertainty in cohesion, particularly at concrete—rock interfaces, the Federal Energy Regulatory
Commission recommends either neglecting cohesion or applying a higher factor of safety (Federal Energy
Regulatory Commission 2016). If cohesion is neglected, Equation (4) reduces to:

Aco,tand  tand tan ¢
FSS = = =
Fg F tan o,
AcOp
where o is required friction angle, defined as angle between the resultant load vector and the normal to the
sliding plane.

(5)
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2.1.3. Crack Initiation and Propagation Criteria. In conventional crack-based Limit Equilibrium Method
(LEM), the concrete—foundation rock interface is assumed to have zero tensile strength (Federal Energy
Regulatory Commission 2016). Any portion of the interface subjected to tensile normal stress is therefore
considered cracked.

For illustration, consider the case shown in Figure 3. The base length of the dam is B, and B, the location
of the resultant force measured from the toe. If the resultant lies within the middle third of the base length

. B 2B o . . .
i.e., between ?0 and TO, the entire interface remains in compression and no cracking occurs. If the resultant

lies outside the middle third, tensile stress develops at the heel and cracking initiates (Federal Energy
Regulatory Commission 2016).

For a unit width of the dam section, the normal stresses at the heel and toe are expressed as
FRY 6FRYe
Otoe/heel = B, — BOZ (6)

where Fry is the vertical component of the resultant force and e is the eccentricity measured from the
centerline of the base.

When tensile stress develops at the heel, the portion of the interface remaining in compression extends a
distance 3B; from the toe, consistent with the triangular stress distribution. The crack length for the first
iteration is therefore will be B, — 3B;. Figure 3 illustrates the stress distribution corresponding crack length
definition along the base interface.
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Figure 3: Tension at the heel when resultant force (Fr) is located within the outer third of base length

2.1.4. Iterative Crack—based Solution Procedure

Because the uplift pressure is directly influenced by the extent of cracking, and the crack length is in turn
controlled by the applied external loads, its evaluation requires an iterative procedure. This interdependence
forms the basis of the crack—based LEM(Federal Energy Regulatory Commission 2016). Accordingly, crack—
based LEM requires determining the crack length along the sliding interface, followed by an evaluation of
stability against sliding.

2.1.4.1 Crack Length Determination

The determination of crack length follows these steps:

a) Initial Assumption: The interface has zero tensile strength. Assume no initial crack and apply the
uplift pressure distribution for a non-cracked base, as discussed in Section 2.1.3.

b) Determine Resultant Force Location: Find the location of the resultant force by taking moments
about the heel or toe. Let By, be the base length of dam and B; be the resultant force location from
the toe.

¢) Compute Compression Zone: The portion of base under compression will be 3B; from the toe.

d) Check the Compression Condition:

. If 3B; = B, the entire base is in compression. Hence there will be no cracking. Assumed
uplift pressure distribution is correct and proceed to factor of safety against sliding (FSS)
computation as described in Section 2.1.5.

Oheel
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° If 3B; < By, the entire base is not in compression. Hence there will be cracking, and the
new crack length will be Lc = By — 3B;.

e) Re-apply uplift pressure: If there is cracking, update the uplift pressure distribution for the cracked
base, based on the calculated crack length, as discussed in Section 2.1.3.

f) Recalculate Resultant Force Location: Determine the new location of resultant force, B, from the
toe by taking moments about the heel or toe.

g) Update Crack Length: Compute the new crack length: Lc_.new = B, — 3B;.

h) Iterate Until Convergence: Repeat steps e to g until the crack length converges or until the entire
base is cracked. If the entire base is cracked, the dam is considered unstable and will undergo sliding
unless the sufficient anchoring measures are implemented to satisfy current engineering guidelines.
If the entire base is not cracked, proceed with steps outlined in Section 2.1.5.

2.1.5 Factor of Safety against Sliding (FSS)

Once the crack length and corresponding uplift forces are determined, the magnitude and location of the new
resultant force (Fg) along the sliding interface are calculated by taking moments about the heel or toe of the
dam. From the components of the resultant force, the required friction angle (o) with respect to the normal
to the sliding plane is obtained as:

_1 |Frx

(7

o, = tan F
RY
where Fry and Fry are the horizontal and vertical components of the resultant force, respectively.

The available friction angle (¢) is selected based on the foundation rock type. The factor of safety against
sliding (FSS) is then computed using Equation (5).

Sliding stability is satisfied when FSS > 1, i.e., when the available friction angle (¢) exceeds or equals
the required friction angle (o). If FSS < 1, the dam is considered unstable with respect to sliding and may
require anchoring or other stabilization measures to meet current engineering guidelines.

2.2 Failure Criterion Utilized in Monte Carlo Simulation (MCS) and Interval Finite Element Method
(IFEM)

In the 1970s, Barton introduced his initial non-linear shear strength criterion for rock joints, utilizing the basic
friction angle (¢y,), derived from an analysis of joint strength data available in the literature. Later, Barton
and Choubey (1977) refined this equation based on their direct shear test results conducted on 130 samples
of rock joints with varying degrees of weathering, leading to a revised formulation as shown in Equation (8).

T = optan <¢r + JRClogqq (](S—S)) (8)
n

where ¢, is residual friction angle in degree, JRC is the joint roughness coefficient and JCS is the join wall
compressive strength.
2.3 Monte Carlo Simulation (MCS)
The Monte Carlo simulation (MCS) is implemented to evaluate variability in sliding stability due to uncertain
parameters. The uncertain parameters include the density of concrete, the unit weight of water, the joint
roughness coefficient (JRC), the joint wall compressive strength (JCS), and the residual friction angle (¢py.)..
These parameters are defined using the same interval bounds adopted in IFEM to ensure consistency.
Sampling is performed using scaled Beta distributions, bounded on the interval [ X,X]. The mean value
(Xmean) 1s taken as the midpoint of the interval, and the shape parameters of the scaled Beta distribution are
obtained as:

amcs = HmcsK Bmcs = (1 —umes)x  (9) (Xmean — X)

MMcs = = (10)
(X - X)
where aycs and Bycs are the Beta shape parameters, pycg defines the scaled location of the mean within the
interval, and x is the concentration factor controlling the spread of the realizations around the mean.
The probability density function of the Beta distribution used for sampling is expressed as:

xMcs~1(1 — x)Bmes—1 1
f(x) = (1) Beta(acs, Bucs) = [ nes (1= mPesdn (12)
Beta(amcs, Bmcs) 0

where x is the sampled random variable and n is a dummy integration variable.
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A concentration factor (k) is selected based on the expected variability of each uncertain parameter.
Higher k values (e.g., for densities) yield narrower distributions around the mean, whereas moderate k values
(e.g., for JRC, JCS and ¢,) allow a broader spread across the full interval of each parameter. The resulting
realizations are then propagated through the uplift—crack coupling formulation to compute the crack length
and factor of safety for each simulation.

The severity of cracking is coupled to the Barton—Choubey shear strength model. First, the uplift
distribution assuming no crack is taken as a trapezoid:

1
FuO = E (YWHu + Yde)BO (13)
where F, is the uplift force, H,, is the headwater depth, Hy is the tailwater depth, B, is the dam base length

and v, is the unit weight of water.
The effective pre-crack normal stress is calculated as:

0y = max (FD;—OFuO,O) (14)
where Fp is the self-weight of dam and the corresponding mobilized friction angle was given by:
buc = br + IRClogao () (15)
A severity index (sg) is then defined as:
So & (16)

" Fs + tan ¢e max(Fp — Fyo, 1)
where F; is the sliding force.

A severity index (sg) links crack length to the balance between sliding force and mobilized BC shear
resistance. When the sliding force dominates, s, is larger and longer cracks are promoted, whereas when
resistance is higher, s, is smaller and the crack is shorter. This coupling ensures that the crack length

distribution is not imposed arbitrarily but responds directly to the mobilized shear strength. The actual crack
length (Lc) was sampled from a Beta distribution whose mean was tied to s as:

Le = By (Beta(1 +Aucso, 1+ Apc(1 = s0))) (17)
where beta concentration factor (A;¢) is set above 20 to maintain concentration around the mean. The adopted
Beta-based crack length sampling is not imposed arbitrarily; rather, its mean is tied to severity index (sg)

ensuring that crack propagation responds directly to the mobilized shear strength and applied sliding demand.
Uplift after cracking is taken as:

1
1:u = YWHuLC + E(YwHu + YWHd)(BO - LC) (18)
The normal compressive stress on the bonded portion is calculated as:
0, = max (m of ) (19)
By —Lc ' 7%

where 000 1S set to 1 Pa for numerical safeguard.
The Barton—Choubey friction angle is then re-evaluated at the bonded interface as:

JCS
dpc = br + IRClogyo () (20)
1
Since MCS does not discretize the interface, shear strength is evaluated through angle comparison. The
resultant of the sliding and vertical forces makes an angle, ., :with respect to the normal to the sliding plane
and can be determined as:

o = tan™! _Fs (21)
’ I:D - 1:"uO
The factor of safety against sliding (FSS) is computed as:
tan (I)BC
FSS = (22)
tan o,
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This expression tests whether the mobilized Barton—Choubey shear strength is sufficient to resist the
resultant action without making assumptions about the stress distribution along the interface. Unlike IFEM,
which integrates the shear strength distribution, the MCS compares mobilized and resultant angles, providing
a lumped yet computationally efficient estimate of the factor of safety.

2.4 Interval Finite Element Method (IFEM)

The Interval Finite Element Method (IFEM) is adopted to rigorously propagate uncertainty in material
properties, geometry, and external loads through the structural equilibrium equations. Uncertain parameters
are represented as interval variables, and the computed solution provides guaranteed bounds that enclose the
true structural response. It should be noted that the resulting uncertainty bounds are mesh-dependent, as they
are influenced by the level of discretization and the associated approximation of the structural domain. An
introduction to interval arithmetic, with relevant discussions can be found in (Moore 1966, Kulisch 1981,
Alefeld 1983, Neumaier 1990), along with an overview of the main computational challenges such as
dependency and overestimation.

Hereafter, boldface font is used to denote interval quantities.

The structural equilibrium is defined through the interval linear system:

Ku=f (23)
where K is the interval global stiffness matrix, u is the interval nodal displacement vector, and f is the interval
equivalent nodal load vector.

Derived quantities are obtained as:
€ = Bu, o = Su (24)
where B is the strain—displacement matrix and S is the stress—displacement matrix.
2.4.1 Decomposition of the Stiffness and Stress Matrices
To minimize dependency-induced overestimation in interval arithmetic, the stiffness matrix is decomposed
as:
K = Adiag(Aa)AT (25)
where A and A are deterministic matrices, o is the interval parameter vector.
For an 8-node rectangular isoparametric element under plane stress or strain conditions, the Young’s
modulus (E) is represented as an interval. The corresponding stiffness matrix is then calculated as:

K, = fQ BY (§)E. (DB, (DL(E)dQ 26)

where t is the thickness and B, is the strain-displacement matrix.
The integral in Equation (26) is typically evaluated using a 3 X 3 Gaussian quadrature rule:
9

Ke = ) BI(§)E(5)Be(5)w) G)® 29)
j=1
where, wj are weights at the integration points, §; is the integration coordinate, and ] is the determinant of the
Jacobian matrix for the transformation from local to global coordinates. This numerical integration transforms
the modulus field into a smoother interval representation.
The constitutive matrix E (Ej) in Equation (29) can be expressed as:
- T

E(§) = Dcdiag{¢.E;}De (30)
where @, is a 3 X 3 deterministic matrix whose columns are eigenvectors ¢, is a 3 X 1 vector whose rows
are eigenvalues. Both @, and ¢, depends on Poisson’s ratio (v), and E; is the Young’s modulus at j-th
integration point &;. Using this, Equation (29) becomes:

9
Ke = Z BY (&) ®cdiag{¢.E; }OL B (&) w;) (§ ) t(®)

j=1
= {BI(E)®q ... e e .. .BI(Eg) D} (31)
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{(W1]1t1)diag(¢e)E1 CDEB?(EO

(Woloto)diag(de)Eg) (DY B, (&)
where the subscripts j denotes quantities at the j-th integration point. The deterministic matrices A, and A, are

obtained as:

A. = {BI(E)Dq ... . ...BI(E)D.];
(wq]1ty)diag(ee) Eq
Ae = :

}, o, = { : } (32)
(WoJotg)diag(¢pe) Eg

This decomposition of the diagonal matrix, diag(A.a.), effectively reduces redundant interval terms and
plays a critical role in reducing overestimation in interval due to dependency.

The element stress-displacement matrix (S, ) depends linearly on the stiffness parameter vector o,. Just
like the stiffness matrix K, this matrix (S.) can also be expressed in a simplified and structured form. The
matrix S, is written as:

Se = q)sediag(Aseae)A:ge (33)

For example, at any location within 8-node rectangular isoparametric element, the stress o, can be
obtained either by interpolating or extrapolating the stresses calculated at the integration (Gauss) points. This

procedure is described by:
9 9

Oc = Zui"e(gi) = ZUI Ee(5)Be(§)ue (34)
j=1 j=1

where §; represents the coordinates of the numerical integration points, v; are the corresponding interpolation
or extrapolation weights, and u, is the nodal displacement vector of the element. By factoring out u,, the

stress-displacement matrix S, takes a simplified form:
9

Se= ) jEe(§)Be(5) (35)

j=1
Substituting E, (E]-) = <I>ediag{¢e E]-}CDE into Equation (35):
9

S, = Z v; . diag{e, E;}0¢ B (§)

j=1

vy diag(¢e)Ex DeBe(81)
= {0 - D} _ : (36)

vodiag(¢e)Es) | DIB, (%)

The deterministic matrices ®g,., Age and A, are obtained as:
v diag(¢e)
Dge = {De - D}, Ase = . ;
Lodiag(¢pe)

Ase = {B."(6)®e .. Be"(§0)®} 37)

These decompositions are performed at the element level before global assembly using an Element-by-
Element (EBE) strategy.
2.4.2 Decomposition of Equivalent Nodal Load Vector
For an element subjected to concentrated, body, and line loads, the uncertain load vector is expressed as:

8 =[P P PI]T (38)

The equivalent nodal load vector becomes:
f=F3 (39)
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where F is a deterministic matrix constructed from shape functions and Jacobian terms.

2.4.3 Matrix Assembly — Element-by—Element (EBE)

After determining the element-level matrices, K, (stiffness matrix), f. (nodal load vector), S. (stress—
displacement matrix), and B, (strain—displacement matrix), these must be assembled to form their global
counterparts: K, f, S, and B.

This is accomplished using the Element-by-Element (EBE) approach, which assembles each matrix in a
block-by-block manner (Muhanna, Zhang et al. 2007, Mallella, Mullen et al. 2011, Muhanna, Mallela et al.
2013, Xiao 2015). In this method, the entire structure is modeled as a collection of separate elements
connected by shared nodes. The global displacement vector u is formed by combining all local element
displacement vectors u., with u, representing the displacement vector of the common (shared) nodes.
Consequently, the global stiffness matrix K and global nodal load vector f are assembled from their element
counterparts as shown in Equation (40):

ue Ke fe
u= u, ) K= Ke ) f= fe (40)
un 0 0 fn

where f, represents the concentrated loads directly applied to the common nodes. Unlike standard FEM
assembly, where the global matrices are formed in a single step, the EBE method constructs K and f by
stacking individual K, and f. blocks. One key point to note is that the global stiffness matrix K is initially
singular since it does not yet incorporate constraints such as boundary conditions.

To reduce overestimation due to dependency from repeated interval variables, the matrices K and f are
further decomposed using interval decomposition techniques K = Adiag(Aa)AT, f = F3, as follows:

oe = Lo, Je =Lsd (41)

In this representation, a, and 3, (element-level interval vectors) are either selected directly from, or
interpolated from, the global interval vectors a and 8. These element-level vectors are related to the global
ones through mapping relations:

The global matrices A, A, and F are assembled in a way similar to K and f, again using a block-by-block
strategy:

Ae AeLy FeELS
A= AL( A= A:L o F=4pL, (42)
0 0 et F,

where f, = F,8 is the decomposition of f,. If any interval components in a or 8 refer to the same variable,
the corresponding columns in A or F must be summed. Similarly, if certain components in § are zero, the
associated columns in F are removed to avoid redundancy.

The global strain vector € is assembled by combining all the element-level strain vectors €. The global
strain-displacement matrix B is also constructed in block using each element matrix B,. This assembly
procedure ensures that all local contributions are consistently represented in the global system, preparing it

for further analysis:
O Se 0
(43) o= {5}, S= { S}(44)
Oe Se O

£ B, 0
£ B, 0

Finally, the deterministic matrices @4, Ag and Ag are assembled as:
CDSG

ASE

AseLq .
, A = : , Ag = ’ A (45)
Aselq ¢

0o .. 0
2.4.4 Calculation of reactions and derived variables (€ and ¢ )
After the global stiffness matrix K is assembled using the EBE strategy, it remains singular. This occurs
because, at this stage, the model does not yet include connections between shared nodes of adjacent elements,
nor are essential boundary conditions applied. As a result, the assembled system lacks the necessary
constraints to produce a unique solution.

D =

(Dse
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To resolve this, both compatibility requirements and essential boundary conditions must be enforced.
These constraints are expressed in the form of a matrix equation Cu = 0, where C is a constraint matrix that
enforces physical conditions, such as continuity between nodes and essential boundary conditions. Once these
conditions are imposed, the singularity of the stiffness matrix is eliminated, and the system becomes fully
solvable.

As an example, consider an 8-node rectangular isoparametric element, where each node has two degrees
of freedom. To enforce compatibility between an element node (with two DOFs) and a corresponding
common node using a constraint matrix C, the two rows of C can be defined as in Eq. (46) (Mallella, Mullen
etal. 2011, Xiao 2015):

Element node DOF Common node DOF Element node DOF Common node DOF
1 0 -]—-1 0 - - 0 0 -1 o0 --

To apply essential boundary conditions, specific entries in the constraint matrix C are assigned a value of
1, while other entries in the same row are set to zero as in Eq. (47) (Mallella, Mullen et al. 2011, Xiao 2015).

To enforce these compatibility conditions and maintain equilibrium, a Lagrange multiplier A is
introduced. The system's energy functional, IT, is given by:

1
= EuTKu —uTf+A"Cu (48)
By minimizing IT with respect to u and A, the interval-based governing equation is obtained:
K chyw _ (f
{C 0 }{k} - {0} (49)

To reduce overestimation, the stiffness matrix K and load vector f are decomposed as previously
described in Equation (25) and (39) respectively. In this formulation, Equation (49) is expressed as (Muhanna,
Mallela et al. 2013, Xiao 2015):

o} aesrsaar o+ CI) = {i)s 60

where Aa represents the difference between the interval vector a and its reference value oy, i.e. Aad = o —
oy, with ay = mid(a) being the midpoint value of the interval, and K, = Adiag(Ao)AT.

The Lagrange multiplier A has physical meaning in this context: it represents internal forces between
element nodes and common nodes when compatibility is enforced, and reaction forces at supports when
essential boundary conditions are applied. Thus, internal forces and support reactions can be directly obtained
as by-products of solving the constraint equation Cu = 0 (Xiao 2015).

Additional derived quantities such as generalized strain (€) and stress (6) in Equation (24) can also be
computed. To avoid intermediate interval steps and further overestimation, these variables (u, € and o) are
solved simultaneously by introducing additional Lagrange multipliers p, and p,, corresponding to the

relations € = Bu and ¢ = Su, respectively. The modified energy functional is then expressed as:
1
= EuTKu —uTf+ ATCu+ pnl (€ — Bu) 4y (o — Su) (51)

Above formulation includes six unknowns: u, A, u,, u,, € and 6. Taking the first variation of this energy

o

functional yields:
{K ¢t BT sT o 0](111

C 0 0 O 0 © A

B 0 0 0 -1 olJul{_]Jo (52)
S 0 0 0 0 -—If]|m 0

0 0 —I 0 0 O £ 0

0 0 0 —I 0 O c 0

From the last two rows of Equation (52), it can be inferred that p, = 0 and p, = 0 Substituting these
trivial solutions back into Equation (52) yields a simplified, asymmetric form:
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K ¢cT 0 0),u f
C 0 0 Oo(JA(_)oO
B o -1 of])e( )o (3)
s 0 0 -I)J‘\c 0

While this results in a smaller stiffness matrix, it is no longer symmetric (Xiao 2015). Considering the
previous decomposition of K and f, the governing equation can finally be written as (Muhanna, Mallela et al.
2013, Xiao 2015):

A 0
0o 0/, A AT 0 0 0
0 0 dlag({As}Aa){AE 0 0 0} &4
0 @

Ko CT 0 0),u F

cC o0 o of(Jal_J)o
+ B 0 -1 of)g( )o 8

So 0 0 -I)‘c 0
where Aat and K have the same definitions as in Equation (50), and S, denotes the generalized stress-
displacement matrix as defined earlier, i.e., S; = ®sdiag(Agay)AT

Equation (54) can be expressed in a generalized form as:

{Agdiag(AgAa)Bg + Kglu, = Fod (55)
where Ag, Ag, Bg, K¢, Fg are deterministic matrices, while Aa and 8 are interval vectors.

Equations (50) and (54) are the equilibrium equations to be solved. The generalized form of these
equations are given in Equation (55). Any interval solver can be employed to solve this general equation. In
this paper, a new version of the iterative enclosure method introduced by Xiao (2015) is utilized, which
applies an expanding strategy that begins with a simple initial guess and progressively refines the solution.
2.4.5 Piecewise Approach to Reduce Dependency in the Barton—Choubey (BC) Shear Strength Model
Since the BC shear strength model involves uncertain parameters, such as joint roughness coefficient (JRC),
joint wall compressive strength (JCS), and residual friction angle (¢,), arising from natural geological
variability and site characterization, dependency-induced overestimation can occur in interval computations.
To mitigate this effect, this research adopts the piecewise (partition) strategy. The method works as follows:

1) Partition the original uncertain interval X into N subintervals:

X=Ux®, x®= [g(i),_m], i=1....N (56)

2) Evaluate the interval function f(X(i)) of the function f(X) over each subinterval.
3) Take the hull of the union of the results. The hull operator ensures that the result remains a single
interval, even when individual images from subintervals are disjoint.
fX) € o (U £(xXD)) (57)

4) Refine iteratively: as N increases, dependency within each subinterval is reduced, and the enclosure

contracts toward the true image of the function.

The convergence of piecewise interval evaluation is guaranteed for continuous functions; in the limit, the
hull converges to the exact range (Yadav 2025), although for finite N it generally provides an enclosure. This
strategy can also be used in validating numeric and interval finite element formulations, where dependency
problems otherwise lead to meaningless results.

2.4.6 Step-by-step procedure in IFEM

1. Start/ collect all existing information including:
e Dam geometry and foundation profile
o External loading conditions (dead load, hydrostatic pressure, uplift pressure, thermal loads,

seismic loads if applicable)

e Material properties (E, v)
o  Shear strength parameters (¢, JRC, JCS)
e Represent uncertain parameters in interval form

2. Assume an uncracked interface (i.e., crack length, Lc = 0).
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3. Calculate all external loads in interval form. Note: Uplift pressure distribution along the interface
depends on crack length.
4. Define geometry, discretize the domain using appropriate finite element types and mesh sizes, and
assign interval material properties.
5. Apply external loads.
Iterative crack update and uplift/Boundary Conditions (BCs) update
6. Apply BCs: restrain translation in both global X and Y directions at the boundary (concrete—
foundation rock interface).
7. Solve using IFEM.
8. Check tensile condition: Is the interface under tension?
If YES:
a) Calculate the new crack length Lc (length of tensile zone or segment where shear strength <
shear stress at the interface).
b) Update and apply uplift pressure along the interface based on the current crack length Lc.
c¢) Update BCs of the cracked interface:
» Release translation in global X direction in all cases.
= If tension: allow separation (release in global Y direction).
= If compression: enforce no penetration (keep restraint in global Y direction).
d) Go back to Step 7.
If NO (i.e., no tension): continue to Step 9.
9. Calculate shear strength using compressive stress at the interface and the Barton—Choubey Shear
Strength model.
10. Check shear crack criterion: Is computed shear strength < shear stress at the interface?
If YES: Go back to Step 8a (update Lc, then uplift/BCs, then re-solve).
If NO (i.e., crack length is converged): proceed to next step.
11. Check for the rigid body motion: Is entire interface in cracked?
If Lc = By, the entire interface is cracked. Hence, the dam transforms into a rigid body motion,
and the sliding factor of safety is taken as zero. The further computation ends here.
If Lc < By, the entire interface is not cracked. Hence, the dam does not transform into a rigid body
motion. Proceed to step 12 to compute FSS.
Post-convergence (sliding demand vs resistance and FSS calculation)
12. Obtain sliding force from interface reactions (or equivalently from applied external loads).
13. Calculate shear strength of the uncracked interface from compressive stress using the Barton—
Choubey model.
14. Calculate resisting force by integrating shear strength over the uncracked portion of the interface.
15. Compute interval factor of safety against sliding (FSS) by comparing sliding and resisting forces.
16. End.

2. Case Study

The numerical illustration considers a concrete gravity dam constructed in 1962 within the Carolina Slate
Belt, a northeast-trending geologic province composed of low-grade metamorphic, volcanic, and sedimentary
rocks extending from southwestern Virginia to central Georgia. The dam geometry is shown in Figure 4, and
the principal dimensions are summarized in Table 2. Sliding is evaluated along the concrete—foundation rock
interface. The foundation consists primarily of basaltic tuffs from the Upper Volcanic Sequence and mafic
tuffaceous argillite from the Volcanic Sedimentary Sequence.

A comprehensive site investigation conducted in 1993 provided the material parameters required for
stability assessment. The program included exploratory drilling and core logging, laboratory testing of
concrete samples to determine density and compressive strength, compressive strength testing of foundation
rock, and direct shear testing to characterize joint shear strength. The resulting material properties adopted in
the deterministic, Monte Carlo, and IFEM analyses are summarized in Table 1.
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Table 1: Material Properties utilized in LEM, MCS and IFEM Analyses

Parameters LEM Mean value (Xean) IFEM
for PDF for MCS
(Yo), N/m® 24,082.363 24,082.363 [23,480.304,24,684.423]
(Yw), N/m3 9,745.953 9,745.953 [9,732.386,9,759.519]
Ts =C + optand, (MPa) | 1, = 0.0235 + 0, tan 52.66° N/A N/A
JRC N/A 11.5 [10.925,12.075]
JCS (MPa) N/A 57.5 [56.062,58.938]
[0 39.62° 39.62°, [38.63°,40.61°]
Eavg (MPa) N/A N/A 28,222.316
Poisson’s ratio (v) N/A N/A 0.2
Y Segment Length
_ ™ a 26.18 m (85.9 ft)
Headwater <|
b, 1.83 m (6 ft)
1 2.56 m (8.4 ft)
€
a d; 5.71 m (18.73 ft)
Hy e 22.71 m (74.50 ft)
By 17.22 m (56.5 ft)
Concrete Rock
/[merface Slope Angle
— X f; 74°
| By | 01 53°
Figure 4: Geometry of the concrete gravity dam section Table 2: Dimensions of dam geometry under consideration
under consideration

Spatial variability of the modulus of elasticity (E) is particularly relevant in hydraulic structures due to long-
term moisture exposure, especially near the upstream face. Previous studies (Sokolov and Rasskazchikov,
1986) documented moisture penetration depths of 4—6 m from the upstream face, with moisture content
varying from approximately 1.5% at the heel to 0.1% near the downstream toe. These variations significantly
influence stiffness and stress distribution along the concrete—rock interface.

Based on these observations, a linear spatial variation of moisture content M.(X,Y) is adopted, ranging
from 0.1% at the water surface and toe to 1.5% at the heel. Following Liu et al. (2014), the Young’s modulus
is expressed as:

E(XY) = 1982.3M (X, Y) + Eqyg (58)
where E,y, is the average elastic modulus in MPa.

To reduce overestimation, the following stepwise approach is used. First, the deterministic Young’s
modulus is computed at each nodal coordinate using Equation (58). Then, the nodal values are interpolated
to integration (Gauss) points using standard shape functions:

Elnt_pts = N(Eﬂ) X ENodal_Coordinates (59)
where N(§, 1) denotes the matrix of shape functions in local co-ordinates, and Enodal coordinates Fepresents
the vector of elastic moduli at the element nodes.

To incorporate uncertainty, a variation of +2.5% is applied on Eyp¢ s, giving a total variation of 5%.
Accordingly, the modulus of elasticity in interval form at the integration points is expressed as

Eint pts = Eint pts[0.975,1.025] (60)
This formulation enables consistent comparison of deterministic, probabilistic, and interval-based stability
assessments while explicitly accounting for spatial stiffness variation.
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3. Results and Discussion

The dam section was discretized using 108 eight-node quadrilateral isoparametric elements (Figure 5). Spatial
variability of Young’s modulus, derived from moisture-dependent stiffness, is shown in Figure 6 using mid-
interval values. External loads included self-weight, hydrostatic pressures, and uplift. The initial hydrostatic
and uplift distributions (zero crack length assumption) are presented in Figure 7.

Crack initiation was evaluated based on tensile stress and shear stress exceeding interface shear strength.
As cracking developed, boundary conditions and uplift distribution were iteratively updated within the IFEM
framework. The converged uplift profile and crack configuration are shown in Figure 8. Convergence was
achieved in three iterations.

The final crack length was 3.1309 m (18.18% of the 17.22 m base). The computed interval sliding
factor of safety was FSS = [3.104,4.938], indicating stability for all admissible parameter bounds. Stress
distributions on the deformed configuration are shown in Figures 9 through 11. Cracked segments under
tension provide no shear resistance, while uncracked compressive regions maintain shear strength exceeding
the applied shear stress.

In contrast, the crack-based LEM predicted a crack length of 16.564 m (96.19% of the base) with FSS =
0.086, indicating instability. This discrepancy stems from the linear Mohr—Coulomb assumption and
simplified crack initiation and propagation criterion in LEM. Even when peak Mohr—Coulomb strength
parameters from laboratory tests were adopted, LEM predicted nearly full-base cracking and FSS < 1. The
predicated instability becomes more pronounced when residual friction angle and zero cohesion are used, as
commonly assumed in practice.

The Monte Carlo simulation with 2 X 10° realizations yields factor of safety at the 5th, 50th, and 95th
percentiles of P; = 1.49,P;5 = 1.83 and Py5 = 2.16 , respectively, while the probability of failure
(P(FSS < 1)) is zero. The Monte Carlo simulation predicted a mean crack length of 3.11 m, corresponding
to the 95th percentile, which differs from the IFEM result (3.13 m) by about 0.64%. This close agreement
in crack length indicates that the IFEM has efficiently captured the uplift—crack coupling, resulting in a more
realistic prediction of crack propagation. By comparison, the interval finite element method produces a factor
of safety enclosure of [3.104, 4.938]. The factor of safety is lower in the Monte Carlo simulation because the
formulation compares lumped angles. In contrast, IFEM integrates the stress-dependent BC shear strength
distribution along the uncracked interface, leading to a resistance evaluation consistent with local stress states
rather than a single resultant-based comparison. Since the interval FSS is entirely greater than unity, no
admissible parameter realization within defined bounds results in sliding failure. IFEM therefore provides a
guaranteed safety bound, while the MCS offers probabilistic insight into the most likely outcomes under the
same interval bounds. Together, the two approaches confirm that the structure remains stable under the full
range of interval-defined uncertainty, whereas the limit equilibrium method (LEM) predicts almost the entire
base to be cracked and the dam to be unstable. This contrast highlights the importance of the IFEM approach
proposed in this paper, as it provides a more realistic and reliable assessment of dam stability.

4. Conclusions

This study presented a comparative evaluation of deterministic crack-based Limit Equilibrium Method
(LEM), Monte Carlo Simulation (MCS), and an Interval Finite Element Method (IFEM) for sliding stability
analysis of concrete gravity dams, incorporating iterative uplift—crack coupling through boundary-condition
updates. The conventional LEM, based on linear Mohr—Coulomb strength and resultant-force-based crack
estimation, predicted extensive cracking and a factor of safety below unity for the considered parameter set.
The Monte Carlo framework provided realistic percentile-based safety factors but required extensive
sampling and probabilistic input assumptions.

The proposed IFEM integrates the nonlinear Barton—Choubey shear strength model, interval
representation of uncertain parameters, piecewise treatment to control overestimation, element-by-element
assembly, and iterative crack—uplift coupling. The method captured tensile and shear cracking mechanisms
while consistently updating uplift redistribution. For the case study, IFEM predicted limited cracking and an
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interval factor of safety entirely greater than unity, consistent with Monte Carlo results and observed dam
performance.

Unlike LEM, IFEM does not rely on simplified resultant-force assumptions, and unlike MCS, it does not
require probability density functions. Instead, it provides mathematically guaranteed safety bounds using only
upper and lower parameter limits, offering a computationally efficient and reliable framework for sliding
stability assessment under bounded uncertainty.
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Figure 6: Spatial variation of modulus of elasticity (E)
within the dam body due to moisture content, plotted
using mid-interval values

Figure 5: Finite element mesh of dam geometry (8-node
quadrilateral isoparametric elements)

Figure 7: Hydrostatic and uplift pressure distributions for | Figure 8 Hy drostatic and updated uplift pressure
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the deformed dam shape, plotted using mid-interval values

Figure 10: Distribution of T (shear stress) on the deformed
dam shape, plotted using mid-interval values
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