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Abstract. Reachability analysis is a key component of (formal) verification techniques for cyber-
physical systems subject to uncertainty, as it enables the computation of sets of states that the
system can reach over time. However, such methods are often computationally expensive, making
algorithmic and implementation-level optimizations essential. In this paper, we propose a verified
interval-based ODE solver for reachability analysis, based on the classical fourth-order Runge—
Kutta scheme and designed to execute entirely within a single GPU kernel. This enables efficient
subdivision strategies to mitigate overestimation while supporting the parallel propagation of a
large number of subboxes. Using the Van der Pol oscillator as a benchmark, we demonstrate the
applicability of the proposed approach and compare its performance with non-verified GPU-based
uncertainty propagation techniques derived from Miiller-type theorems, as well as with the CPU-
based reference tool Dynlbex.
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1. Introduction

Verification and uncertainty quantification play a central role in ensuring the reliability of computa-
tional models. However, these processes can be very time-consuming, especially for computationally
demanding problems. One natural way to accelerate computations is through high-performance
computing or parallelization.

GPUs are highly specialized programmable units which are widely used in parallel scientific
computing today. They offer an affordable alternative to supercomputers—provided that the prob-
lem fits the stream processing model, where the same kernel is applied to different data to produce
independent results. Since GPU architectures differ significantly from CPUs, existing CPU-oriented
software generally cannot be ported to GPUs without substantial redesign.

In (Auer et al., 2025b), we investigated GPU-based acceleration for parameter identification
using least squares and global optimization:
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where t € [T}, T¢], y;(ty, p) denotes, at time ¢, the j-th component of the solution to the initial
value problem (IVP) for the ordinary differential equations (ODE) of the form

y =f(y(®)) (1)

with y(to) € [yo] € IR™, and y;,(tx) the corresponding measured value among n,, measurements?.
The aim is to enclose parameter values p that achieve the global minimum of F(p) over the search
space [p]. Once [p] is subdivided into subdomains [p1],. .., [Px], the problem exhibits massive data
parallelism suitable for GPU evaluation.

When such properties as cooperativity (Hirsch and Smith, 2005) cannot be exploited or a
mathematical formula for the exact solution does not exist, computing enclosures of y(t, p) requires
a set-based IVP solver on the GPU. In (Auer et al., 2017), we introduced a method for computing
a rough (a priori) enclosure on the GPU, a necessary first step toward a full set-based solver as
explained in Section 2.

Our goal in this paper is therefore to develop a verified ODE solver that operates entirely within a
single GPU kernel. Such a solver is particularly well suited for parameter identification in dynamical
models via brute-force global optimization. It also offers an effective way to reduce overestimation:
bounded uncertainties in the initial conditions [yg] or in other parameters can be subdivided into
smaller interval boxes, whose flows under Eq. (1) are computed in parallel on the GPU. Taking the
hull of these flows then yields a tighter enclosure of the solution, as illustrated in Section 4.

The paper is structured as follows. Section 2 reviews the theoretical foundations of verified
solution methods for IVPs and summarizes Miiller-type theorems for bounding the corresponding
ODE flow. Section 2.2 is of particular importance, as it introduces the proposed GPU-based verified
method. It is built upon the classical fourth-order Runge—Kutta scheme, with local truncation
errors rigorously estimated using the Butcher series expansion. In Section 3, we briefly review
the tools required for guaranteed computations, in particular for interval arithmetic and for its
use with automatic differentiation. These components are essential prerequisites for a verified
GPU implementation. In Section 4, we present a comparative evaluation of the proposed solver
using the Van der Pol oscillator as a benchmark. We compare the performance of its different
GPU implementations against non-verified GPU-based uncertainty propagation techniques based
on Miiller-type theorems and against the established verified CPU-based tool DynIbex (Alexandre
dit Sandretto and Chapoutot, 2016). Finally, Section 5 summarizes the main results and outlines
directions for future research.

2. Verifying the Flow of an Initial Value Problem

ODEs of the form in Eq. (1) are among the most classical continuous differential equations. They
possess a unique solution y(t) provided certain conditions are satisfied, for example, if f is Lipschitz
continuous. In general, closed-form solutions are not available, so that numerical integration schemes
must be used to approximate the state of the system over time starting from the initial condition

! In the following, we assume that tq = 0
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v(0) = yo. The integral formulation

y@=m+AﬂﬂW%, 2)

does not in fact represent a solution but a true reformulation because the unknown function y(-)
appears both on the left-hand side and inside the integral on the right-hand side.

A widely used class of numerical integrators for ODEs is given by Runge—Kutta schemes, which
can be selected according to the characteristics of the problem and the desired level of accuracy.
However, when uncertainty must be handled rigorously or result guarantees are required, standard
numerical approximations are insufficient.

To address this, a number of verified IVP solvers have been developed for CPUs over the past
decades, including VNODE (Nedialkov et al., 1999) and DynIbex (Alexandre dit Sandretto and
Chapoutot, 2016). Although these solvers rely on different underlying techniques, they share a
common approach to verification, which we outline in Subsection 2.1. We then present the verified
fourth-order Runge-Kutta scheme implemented on the GPU (Subsection 2.2), and finally discuss
non-verified approaches capable of handling uncertainty (Subsection 2.3).

2.1. GENERAL VERIFICATION SCHEME

The main approach to verifying a numerical integration method, as described in (Nedialkov et al.,
1999), is to structure each step of the integration scheme into two phases.

Phase 1: Compute an a priori enclosure [y;] of the solution such that
— y(t;]y;]) is guaranteed to exist for all ¢ € [tj,t;11], that is, over the whole time interval
at the current step, and for all y; € [y;];
— y(&ly;]) € [y] for all ¢ € [t),14.1].
If adaptive step-size control is employed, the step size h; = tj;1 —t; > 0 is chosen as large
as possible while preserving both the existence guarantee and the desired enclosure tightness.

Alternatively, for a fixed step size h;, the algorithm terminates if no suitable interval [y;] can
be found.

Phase 2: Compute a tighter enclosure of [y;1] at time ¢, such that y(¢;11, [y;]) C [yj+1)-

2.1.1. A priori enclosure
Consider the space of continuously differentiable functions C!([t;,¢;41], R") and the Picard-Lindelf
operator

mMZtHw+/ﬂww%, 3)

b
where y; is the true solution y(¢;) at time ¢;. We can define a simple enclosure function for the
right-hand side of the mapping in Eq. (3) such that

6] (1)) € [y,] + [0, ] - £([x]) (4)
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Consequently, if one can find an interval [r] such that [pe|([r]) C [r], then [y;] C [r] by the Banach
fixed-point theorem. That is, we want to find such hpaz, pmin and [r] :== [y; — pmin, ¥j + Pmin) that

[pe]([r]) = [y5] + [0, hina] - £([x]) € [r] . (5)

This enclosure is rather coarse, as the true solution is generally not constant over the interval
[tj,tj+hmaz]. Moreover, when the enclosures [§;41], [¥;+2], . . . are computed successively from [y;],
[¥j+1], ... using Egs. (4)-(5), their widths typically grow monotonically, irrespective of the true
behavior of the solution. Higher-order schemes (e.g., those based on Taylor series decomposition)
can mitigate this effect to some extent, but they cannot eliminate the resulting overestimation
completely.

2.1.2. Tighter enclosure
After Phase 1, the a priori enclosure [y;] is obtained such that

y(t;ly;]) € [yl VEety, ] -
In particular, we have y(t;41; [y;]) C [¥;]. The goal of Phase 2 is now to compute a tighter enclosure
[yj+1] at time t;41 such that
y(t+1:[y5]) € [yj+l € [35] -

Any formula for improving the a priori enclosure can be seen as consisting of two parts:

— the approzimation part ®(t,[y;]) ~ y(t;[y;]). It usually follows a formula for a traditional
numerical integration method such as Runge-Kutta or a direct Taylor series decomposition.

— the local truncation error part LTEs(t,y, [y;]). It is intended to provide the formula for the
distance (enclosure) between the exact solution and the approximate solution produced by the
approximation part:

def
LTEs(t,y, [y;]) = y(t:[y;]) — @(t [y;]) - (6)
A verified numerical integration method has the following property:

I €ty timl, ytjrislys)) = @@+, y;]) + LTEe (S, y, [y;])
C @(tj11, [y;]) + LTEa([t), tj+a], [y5]. [ys]) < [v5] -

Consequently, the tight enclosure is obtained by evaluating the approximation part at time #;;
and combining it with bounds on the local truncation error derived from the a priori enclosure [y;].

2.2. A VERIFIED RUNGE-KUTTA SCHEME FOR A TIGHTER ENCLOSURE

Let us consider the well-known and widely used fourth-order method from the Runge-Kutta family
of explicit integration schemes. It provides an accurate and computationally efficient approximation
of the solution of an IVP to an ODE by evaluating the vector field at several intermediate stages
within each time step. The method achieves fourth-order accuracy, meaning that the local trunca-
tion error scales as O(h®) and the global error as O(h*) for a step size h. The scheme is defined by
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the Butcher tableau given below on the left, which specifies the intermediate stage coefficients and
the weights used to combine them into the final update. Eq. (7) on the right shows how the stage
values are computed for a current state y,, =~ y(¢,) and step size h. The next approximation of the
solution is then obtained by the weighted combination in Eq. (8).

0ojo0 0 0 O
1/211/2 0 0 0
17200 1/2 0 0 ( :

1[0 0 1 0 ks=*f(yn+lky), (7) = v+ 5 (ki + 2Ke + 2ks + ke

11/6 1/3 1/3 1/6 k4 = f(yn + hks).
The LTE of the this Runge-Kutta scheme can be obtained by comparing the Butcher-series
representation of the exact solution with that of the numerical method, as developed in (Butcher,
2021) via the associated rooted-tree formalism. We use the following multilinear derivative notation:

o
R\
-

= (YR)
ko = f(yn + 8ki), Yot1 = Paltni1,yn) (8)

— f(y) € R™*™ denotes the Jacobian of f at y.
1" (y)[u, v] denotes the bilinear application of the Hessian tensor.

— f(k)(y)[vl, ..., vi] denotes the k-th order Fréchet derivative.

Here, f'(y)v := v, f( = u;vj. Expressions such as f'- [f'-[f' - f
Fy)v = Jp(y) - v, £ }j%@h i) V]
are interpreted as repeated Jacobian-vector products. Je(y)(Jr(y)(J¢(y) £(y))). Similarly, f"[f, f]
denotes a Hessian contraction in two identical directions: f”(y)[f(y), f(y)].

The LTE can be written as a linear combination of rooted-tree (Butcher) contributions. For the
specific method from this section, this linear combination becomes (with h = t,, 11 — t,,)

LTE4([tm tnt1l, [Ynl, [yn]) =

—gof U U B gt | | )
QM”VWﬁfﬂ+ﬁﬂ[ﬂUWﬂmi] ©)
o - [ - .5 8] - 4%f’w”ﬁihﬂ+¢&ﬂ'h“ﬂf“ﬂ
i /O || o O [E 8,6 8] )

Although the formula is written as a nested expression, it should not be evaluated in a naive manner.
Instead, it corresponds to a directed acyclic graph (DAG) of tensor contractions (Mullier et al.,
2018), where the nodes represent intermediate quantities such as f, f'- £, f” - [f,f], ...; the edges
represent dependency relations between contractions. Thus, an efficient algorithm is necessary to
compute subexpressions only once and to reuse them (common subexpression elimination, CSE).
Direct evaluation of nested expressions in Eq. (9) leads to repeated computation of identical
Jacobian and Hessian contractions. Moreover, we cannot represent tensors (especially higher-order
derivatives) in their "natural” explicit form as multidimensional arrays on the GPU since this
would be expensive in both storage and access cost. Even if we consider flat vectors only, storing all
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intermediate results simultaneously may reduce GPU occupancy. Another challenge is the computa-
tion of Fréchet derivatives up to fourth order, ideally via automatic differentiation (AD). While AD
techniques based on repeated application of the chain rule have been studied extensively (Griewank
and Walther, 2000), tracing-based methods commonly used in verified IVP solvers are difficult to
implement efficiently on GPUs due to memory and control-flow constraints (cf. Section 3.2). In
particular, forward-mode tracing (e.g., FADBAD++ (Bendsten and Stauning, 1996)) can compute
Fréchet derivatives implicitly, but may introduce overhead compared to optimized contraction
sequences. Instead of runtime evaluation, possibly with AD, it is therefore preferable to trans-
form the expression at compile time into an optimized sequence of tensor contractions. In this
work, we present a basic GPU implementation of this approach for the LTE, while extending it
to AD remains future work. Automatic code generation for the LTE has been demonstrated on
CPUs (Alexandre dit Sandretto, 2025), but without GPU-specific optimizations, and extending
such methods to GPUs remains challenging due to differences in execution and memory models.
The final (naive) verified Runge-Kutta method (denoted by RK4) relies on the following formula:

[Yn—&-l] = Oy (tnq1, [Yn]) + LTE4([tna tn-l—l]a [S’nL [yn]) . (10)

When using conventional interval arithmetic (as opposed to, e.g., affine arithmetic as implemented
in Dynlbex), the method becomes more susceptible to the wrapping effect. Various strategies have
been proposed in the CPU context to mitigate this issue, including approaches based on the mean
value theorem (MVT) and coordinate transformations such as QR decomposition (Nedialkov et al.,
1999). To reduce the wrapping effect while maintaining efficiency on GPUs, one must balance its
mitigation against the computational cost of additional work (AD and coordinate transformations).
In the our implementation, we incorporate a basic MVT-based step for ®y:

Ynt1] == Paltnr1; ¥n) + Jou([yu])([Yn] = Fn) + LTE4([tn, tnia], [yl [yal) (11)
with y,, chosen as the midpoint of [y,] and Jp, being the Jacobean of ®4, which we compute
using our GPU version of FADBAD++ (cf. Section 3.2). We denote this method by MRK4 in the
following.

Note that any of the described methods can be naturally combined with a subdivision strategy
on the GPU. A classical branch-and-bound (brute-force) approach proceeds as follows:

1. Subdivide: Decompose the parameter box [p] into subboxes [p] = Ule[pj], where [p] repre-
sents an interval vector of model parameters (CPU or GPU execution).

2. Evaluate: For each subbox [p;], integrate the system in Eq. (1) from ¢y to tenq using a suitable
method (e.g., RK4 or MRK4), running all £ subproblems in parallel on the GPU.

3. Combine: Compute an enclosure of the reachable set by taking the interval hull of the results,

hllu(Uﬁ:l[Yend,j])7 which can be carried out on either the CPU or GPU.
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2.3. COOPERATIVE SYSTEMS AND MONOTONE INCLUSIONS

If the objective is to propagate uncertainty in the initial conditions or other parameters through
a dynamical system in a reliable manner, a non-verified solver may be combined with suitable
monotonicity properties of the system. The property of cooperativity (or competitivity) holds for
the system in Eq. (1) if

afizo<orgfi<o> foralli #j, i,j=1...n, . (12)

6yj vi

Miiller’s theorem (Meslem and Ramdani, 2011), combined with the first property in Eq. (12) and
positivity of y;, yields Smith’s theorem (Hirsch and Smith, 2005). It shows that the uncertainty
in a cooperative system can be quantified by solving two systems with crisp parameters instead of
one system with uncertain parameters:

yi, = f(yn) and yi, = f(yw) (13)

(two bracketing systems). For cooperative (or competitive) systems, these are decoupled and can
be solved in parallel. If the system is not monotone, both f and f may depend on yj, and yup,
leading to a coupled system of dimension 2n,:

Yib = £(ym, yup) and  yu, = F(ym, yun) (14)

The bounding functions f and f can be obtained via interval arithmetic, though often conservatively.
A tighter alternative is to compute global extrema of the right-hand side of (1), which is generally
difficult due to nonlinear optimization.

The true solution y(¢) lies in the interval [y, (), ¥ (t)]. Evaluating such enclosures at each

grid point ¢ yields a verified flow of (1). A practical approximation is given by yl(g ), yl(l’f)) obtained

from (13) or (14) using standard floating point arithmetic with sufficiently small step sizes. This
captures most of the output uncertainty but is not fully verified; we use monotone inclusions as a
baseline for comparison with the verified solver from Section 2.2.

3. Methods with Result Verification on the GPU

As shown in Section 2.2, set-based arithmetics and exact derivatives are required to verify Runge—

Kutta schemes. In this section, we describe existing software for performing interval computations
on NVIDIA GPUs using CUDA (NVIDIA, 2026). We then review available approaches to AD on
GPUs, with particular attention to those compatible with interval arithmetic.

3.1. INTERVAL ANALYSIS ON THE GPU

Interval arithmetic is well supported on CPUs, where mature libraries such as BOOST.INTERVAL (Boost
C++ Libraries, 2026) and INTLAB-style systems (Rump, 2026) provide good implementations. In
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contrast, GPU support remains limited and is largely driven by research rather than production-
ready libraries. Modern NVIDIA GPUs offer IEEE-754 compliant floating point arithmetic and
support directed rounding via hardware intrinsics, which are essential for interval methods.

Early CUDA-based interval arithmetic was developed in academic work by Collange et al. (Col-
lange et al., 2011), demonstrating the feasibility of BoosT-style approaches on GPUs. However,
these efforts have not resulted in currently maintained library. In practice, a common approach is
to rely on established CPU interval libraries while adapting them for GPU use through compat-
ible interfaces. For example, BOOST.INTERVAL can be employed with policy specializations that
enable using the same library on the CPU and the GPU, see our implementation at https:
//github.com/lorenzgillner/boost-interval.

We reuse a simple GPU-based algorithm for a priori enclosure computation from (Auer et al.,
2017) in a slightly modified form. While the original method employs adaptive step sizes (cf.
Section 2.1.1), we restrict ourselves to constant step sizes to avoid branching and reduce thread
divergence. Nevertheless, adaptive strategies may still improve performance by allowing larger steps
in regions with mild dynamics. Moreover, we developed a GPU-based global optimization solver
for parameter identification problems described in the Introduction, with such applications as for
cooperative solid oxide fuel cell systems (Auer et al., 2025b). This problem class has received
significant attention in both historically and recently; see, for instance, (Sanders, 2022).

3.2. AuTOMATIC DIFFERENTIATION ON THE GPU

Recent developments in machine learning have strongly promoted both GPU computing and AD.
As a consequence, there are more and more AD tools for the GPU. For successful use on the
GPU, AD methods must be fast and fit the synchronous kernel execution. Symbolic computations,
especially at runtime, are often not suitable, as they may introduce overhead or irregular execution
patterns. Ideally, an AD algorithm should be able to provide the n-th derivative or all derivatives
up to order n without requiring n to be fixed in advance. Two major approaches to AD are:

Source code transformation (SCT): Derivatives are generated by manipulating the program
code itself. The original source code is analyzed and transformed into new code that explicitly
computes the derivatives.

Tracing: Derivatives are computed at runtime using special data structures. The program execu-
tion is recorded, and derivative information is propagated according to the chain rule. This
approach usually offers somewhat more flexibility with respect to derivative order.

3.2.1. Source Code Transformation Versus Tracing on the GPU

The decisive distinction between SCT and tracing in the context of GPU computing concerns the
stage at which derivative information is generated and how it is integrated into the execution
model. In SCT, derivatives are computed ahead of time, typically during compilation. The source
code is transformed to generate additional derivative code, which is then compiled together with the
original program. The resulting executable is deployed to the GPU, where multiple worker threads
execute it. Since the derivative logic is already embedded, each worker can evaluate derivatives

8 REC 2026


https://github.com/lorenzgillner/boost-interval
https://github.com/lorenzgillner/boost-interval

Table I. Different AD tools based on SCT

Tool Type Intermediate rep. CUDA Interval support Reference

Clad Compiler plugin Clang AST yes no (Ifrim et al., 2023)
Enzyme Compiler plugin LLVM IR yes no (Moses et al., 2022)
Tapenade | Preprocessor IL Syntax Tree manual transfer to GPU (Hascoet and Pascual, 2013)
OpenAD Preprocessor Xaif manual transfer to GPU (Utke et al., 2008)

immediately at launch without additional runtime construction. Thus, derivative computation is
effectively shifted to the compilation phase.

Tracing follows a fundamentally different approach. The source code is compiled without ex-
plicitly generating separate derivative functions. During execution on the GPU, derivatives are
computed dynamically. Special data structures record operations and propagate derivative infor-
mation via the chain rule, so each worker both evaluates the function and propagates its derivative
at runtime.

Using SCT, derivative routines are embedded directly into the compiled program. Since NVIDIA
GPU programming is typically performed in C++ variants (e.g., CUDA) compiled into GPU-
specific assembly, transformation mechanisms can be integrated into the compilation pipeline.
Compiler toolchains may be extended via preprocessors or plugins that support SCT, enabling
derivative generation at compile time. This requires a suitable intermediate representation for
symbolic manipulation. However, current tools (cf. Table I) are limited in scope and usually support
only basic data types such as integers, floats, and doubles.

3.2.2. Tracing on the GPU

When tracing is used on the GPU, derivatives are computed during program execution, introducing
computational overhead but offering greater flexibility. In particular, AD can be implemented with
custom data types using C+-+ templates, making tracing-based approaches easily adaptable to
intervals. A central challenge for tracing on GPUs is memory usage. Stack memory is limited
but fast, whereas heap allocations reside in slower global memory. Since tracing often relies on
dynamically allocated structures, it may lead to performance decrease. In this setting, forward
mode is generally preferred, as it better fits the limited fast local memory of GPU threads.

These aspects become evident when porting AD libraries from the CPU to the GPU. The
C++ library FADBAD++, originally designed for CPUs, offers a choice between stack and heap
memory usage in forward mode, while the backwards mode and the Taylor coefficients computation
rely solely on heap allocations. Although our GPU implementation of FADBAD++, available at
https://github.com/lorenzgillner/FADBAD-NG, supports higher-order derivatives in principle,
it is not optimized for GPU architectures. As a result, execution is slow and resource-intensive,
particularly in heap mode (Auer et al., 2025a).

To address these limitations, we developed a GPU-optimized proof-of-concept implementation
called TADA (available at https://github.com/lorenzgillner/tada). This approach follows a
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generic design tailored to GPU execution. It currently supports first- and second-order derivatives,
but not arbitrary orders. An additional advantage is its architectural flexibility: it runs on both
CPUs and GPUs and works out of the box with interval data types.

AD on GPUs is currently limited in efficiency and scalability for higher-order derivatives, par-
ticularly when interval-valued data types are used. Consequently, in our LTE implementation,
we do not employ AD for the involved tensors. The only use of AD in our framework is for the
implementation of the MRK4 scheme in Eq. (11), where we utilize our GPU-based version of
FADBAD-++ in forward mode with a stack-based memory model.

4. Illustration: Van der Pol Equation

The ODE form of the Van der Pol equation (VDP) is given by

Y1 = Yo
. 15
U2 = —y1 + py2 (1 — i) (15)

It is a well-known example that describes a non-conservative oscillator with non-linear damping,
which can become stiff for large values of u. The system is neither cooperative nor competitive.

In this section, we illustrate possibilities available for set-based solving of IVPs on the GPU using
the VDP example with p = 1. In Subsection 4.1, the options provided by monotone inclusions are
highlighted and compared to a CPU-based verified solver Dynlbex. In Subsection 4.2, a Dynlbex-
like implementation of RK4 along with MRK4 for VDP on the GPU is investigated. We conduct all
GPU-related tests and simulations in this section using an Intel® Core™ i7-9700 CPU (3.00 GHz)
and an NVIDIA GeForce GTX TITAN Black GPU, running on Ubuntu 22.04.5 LTS.

4.1. MONOTONE INCLUSIONS FOR THE VAN DER PoOL EQUATION

Miiller’s theorem allows one to construct order-preserving bounding systems even when the original
system is not monotonic (cf. Section 2.3). We can apply Miiller’s theorem to VDP as given by
Eq. (15). Suppose y1 € [y,,¥1], ¥2 € [y,,Y2]- The flow of VDP can be bounded by considering the
following system:

¥ =Y,
Y1 =92 (16)
By =T +y, P
Y = Yyt - L
where [P, P] = [min P, max P] with P = {mEQ’mEQ’ My,, Myy} and
B 0 0€ [y, 7l
B 9 2 i 3 717 1
M = max(yl,yl), m = { min(g%a?%), otherwise an
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A tighter construction is possible if we use the two-dimensional VDP form given by Liénard’s
theorem and find the bounding system for it. The Liénard’s form is given below

Y2 =11 ’
with the bounding system given by
U, = —Yp +min (y, — 552,51 — 375, —3)
I = g, max(y, ~ by 3 ) o)
Uy =Y,
U2 =71

because local extrema of y; — %y:{’ occur at £1. Note that the notation above means that the value
—2/3 is taken into account for the minimum only if —1 € [y,,¥,], and, analogously, the value 2/3
is considered for the maximum only if 1 € [gl,@l]. Furthermore, using the exact extrema of the
right-hand side via min and max does not violate the assumptions of Miiller’s theorem. Indeed, the
resulting right-hand side remains locally Lipschitz continuous, which guarantees that the solutions
remain well defined and unique.

The simulation results for the VPD system, obtained by monotone inclusions using THRUST and
a floating point IVP solver from the BOOST library? as described in (Auer et al., 2025b), are shown
in Figure 1. Only the state y; is displayed, as it represents the oscillator flow and is identical in
both forms (15) and (18). For comparison, we also show the solution computed on the CPU using
DynlIbex relying on the verified Runge-Kutta method of order 4 (yellow line) with the VDP form
in (18). The initial conditions are y;(0) € [1.9,2.1] and y2(0) = 0 when using (15), and y2(0) = —2/3
when using (18), ensuring that y; is the same in both forms. In all cases, the precision of 107!
was used. The blue lines represent solutions obtained for sampled crisp initial conditions within the
interval [1.9, 2.1] using the same BoosT IVP solver.

We observe that applying subdivision to the first initial condition on the GPU considerably
reduces overestimation, particularly when the Liénard form as given by Eq. (19) is used (red line).
In this respect, the CPU-based solution provided by Dynlbex for the Liénard form in Eq. (18) also
yields tight enclosures (yellow line). In contrast, when Miiller’s theorem is applied directly with
interval arithmetic without subdivision, the enclosure grows rapidly, as illustrated by the black
line. Even if used with subdivision, interval arithmetic alone does not provide very viable lower and
upper bracketing systems (green and orange lines); cf. also Table II.

Note that we report the wall-clock time for Dynlbex in Table II only as a reference, since it
runs entirely on the CPU, in cases 4 and 5 without parallelization; therefore, a direct comparison
of runtimes would not be meaningful. Nevertheless, the results show that the fully verified solver
Dynlbex performs substantially better for the VDP formulation in Eq. (18) than the approaches
based on monotone inclusions with respect to the break-down time, that is, the time ¢ after which the
flow enclosure becomes too conservative. Increasing the number of subintervals in the subdivision

2 the Dormand-Prince method of order 5 with adaptive step size (DP5)
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Van Der Pol equation with y (0) € [1.9,21] Van Der Pol equation close-up for ¢ € |3, 4]
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Figure 1. Different types of monotone inclusions for VDP on the GPU in comparison to Dynlbex (CPU).

Table II. Subdivision on the GPU (2'* boxes) for different types of monotone inclusions for VDP
in comparison to Dynlbex on the CPU (adaptive step size for all).

Kernel (GPU) or real (CPU) Break-down

Variant time in ms (¢ € [0, 3]) t w([y1])

S 1] 85 13.2  ~20
% (18) + IA for bracketing systems 78 3.79 ~ 13
3 | (15) + IA for bracketing systems 338 3.70 ~ 20

4 | (18) + Dynlbex 214,688 >40  ~0.25

E 4" | + parallelization (16 boxes, 8 cores) 64,462 >40 ~107°
O | 5 | (15) + DynIbex 387,869 343  ~54
5" | + parallelization (16 boxes, 8 cores) 114,804 18.22 ~ 56

strategy on the GPU has only a limited effect since the initial uncertainty is relatively small. For
example, considering variant 2 from Table II with 220 boxes instead of 2!4 reduces the width of [y]
in t = 3 from 0.22 to 0.05. However, this improvement comes at a significant computational cost,
as the runtime increases to 1312 ms, which is mainly due to the specific block-thread structure of
the employed GPU. This suggests that a well-designed verified implementation using techniques for
enclosure tightening can outperform monotone inclusions for uncertainty propagation, especially if
the system is not cooperative or competitive. This observation motivates our effort to develop such
a verified solver for the GPU.

4.2. RK4 aAnD MRK4 ALGORITHMS FOR VDP

In this subsection, we apply the approach from Section 2.2 to the Liénard form of VDP in Eq. (18).
For comparison with variant 5 in Table II, we also report results for the formulation in (15), cf.
Table III. Due to the lack of efficient interval-based AD tools, verifying the IVP flow on the GPU
currently requires external generation of derivative tensor code, in particular for third- and fourth-
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order terms. The first derivative required for MRK4 is obtained via tracing on the GPU using our
version of FADBAD++. We further employ the same uniform linear subdivision of the first initial
condition as in the previous subsection.

For LTE computation, we consider three options. First, we use the hand-optimized formula in
Eq. (9) together with manually precomputed tensors evaluated at runtime (OP1). The DAG of the
LTE expression is optimized once since it remains unchanged. All tensors are stored in flat arrays
on the GPU with local memory allocations, and common subexpressions are evaluated only once.
The second option follows (Alexandre dit Sandretto, 2025) (OP2). Symbolic evaluation of Eq. (9),
including tensors and their products, yields the following expression (pre-generated on the CPU)
for the Liénard form of VDP:

LTFE4,,

LTE,,,,

3 3 3 3
e vt (=% - ) . n(1—y) (~o+ (=D (% +m—0)) (-4 +1—w2)
Bl 120 120

2 vi 2
Y1 (—y1 + (1 —yi) (_?1 +y1— y2))

80
v? v3 2 2 y?
7 (—7 +u —yz) (? — ity + (1-yi) (—y1 + (1 —wi) (—g +u —yz)))
60
2 y% 2 2y§
(1 —w1) (—? + —yz) (T — 2 +2y2)
720
2 y3 yS 2
(2211 —2(1—1) (—?1 +y1 - 212)) (—71 +y - Z/2)
480
22 u3 2 v3 2
(—2y1(1 - Y1) (—71 + 1 —yz) + 2y (—?1 + —yz) )
480

L —yi+y1—y2—(1—yf) —y1+ (1 —y7) —yi+y1—y2 +1 -y
20| 3 3

P P |

3 2 3 3
Ry (1 — u?) (_%1 +y1— y2) Ao (—Zh + (1 —yi) <—%1 +y1 - y2)) (—%1 +y1 - yz)
+

5
h 240 120

h® (y1 —(1-yi) (—% +y - ?—,12) + (1 —yi) (? —y1+y2 + (1—yi) (—yl + (1 —yi) (—% + 1 — yz))))

120
- 3 2 3
h° (7%1 +y1— y2) (2% — 2y + 2y2)
720

The code generator from (Alexandre dit Sandretto, 2025) is not specifically optimized for RK4
and can produce LTE formulas for arbitrary Runge-Kutta methods and ODE models. Although
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the generated LTE expressions are optimized via subexpression factorization, further manual re-
formulation with GPU-specific considerations can improve efficiency. In particular, restructuring
the expressions to reuse common subexpressions, enhance memory coalescing, and enable fused
operations can better exploit the GPU architecture and accelerate execution. The workflow of OP2
is more involved than OP1: code is first generated on the CPU and then manually transferred to the
GPU. Its advantage is that no matrix—vector multiplications are required within the GPU kernel.

Option OP1 can be implemented more efficiently if the LTE expression is constructed using a
compile-time expression template system® (OP3). VDP is represented as a function object, and
symbolic operators such as the Jacobian are composed into expression trees at compile time. These
trees encode repeated derivative applications without numerical evaluation during construction;
computation is deferred to runtime, where the expressions are evaluated for a given state stored
in a computational context object. At runtime, the evaluator traverses the tree and computes
intermediate results using preallocated buffers, allowing for efficient GPU execution.

The results are presented in Table III and Figure 2. In contrast to monotone inclusions and
Dynlbex, both RK4 and MRK4 are evaluated with a fixed step size h = 0.01, which affects both
enclosure quality and computational cost. Since OP1, OP2, and OP3 implement essentially the
same formula and thus yield identical solution flows, only OP2 for Eq. (18) and OP1 for Eq. (15)
are shown in the figure, while the table reports performance data for all options.

The naive RK4 implementation based on Eq. (10) is more susceptible to the wrapping effect than
MRK4 in Eq. (11), but achieves lower runtimes. Both approaches yield weaker enclosure quality
for Eq. (18) than the CPU-based Dynlbex (cf. Table II), although they are significantly faster.
Compared to the monotone inclusion methods in Table II (Variants 1 and 2), MRK4 provides
tighter enclosures while remaining almost fully verified. The only non-verified component is the
subdivision, which is currently non-overlapping and may contain gaps of up to 2 ULP.

Notably, improved enclosure quality is achieved even for the reduced number of subdivisions,
as reflected in the last two columns of Table III as compared to Table II, which decreases kernel
runtimes. For a fixed number of subdivisions, however, MRK4 is slower than the monotone inclusion
methods, mainly due to the use of AD. Furthermore, the monotone approaches are implemented
using THRUST, benefiting from optimized memory handling, whereas our RK4 and MRK4 imple-
mentations rely on a yet unoptimized CUDA design. OP1/OP3 produce slightly wider intervals
than OP2 for both RK4 and MRK4. Since the fourth-order tensor for VDP is zero and not used,
OP1 achieves slightly better computation times than OP2. In the case of OP3, the runtime of
RK4 is reduced by approximately a factor of two compared to OP1, since no AD is applied. For
MRK4, however, the performance gain is less pronounced, as FADBAD++ performs derivative
computations at runtime.

5. Conclusions
As far as we know, this is the first implementation of a verified IVP solver for tight enclosure

of ODE flows on a GPU. While its performance does not yet match that of established CPU-
based approaches, particularly when additional subdivision is used on the CPU, it already yields

3 The same is true for our FADBAD+4+ implementation for the GPU, but this is left for future work
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Table IT1. Solving VPD using subdivision (2'? and 2'* boxes) on the GPU for RK4 and MRK4
with different implementation options (constant step size 0.01).

Variant Kernel time in ms (¢ € [0,3]) | Break-down using 2'? boxes
2!2 2 t w([y1])
6 | (18) + RK4 4+ OP1 22 71 4.92 ~ 14.6
6 | (18) + RK4 + OP2 27 90 4.92 ~ 14.3
6” | (18) + RK4 + OP3 12 35 same as OP1
7 | (18) + MRK4 + OP1 | 56 166 16.78 ~ 9.95
7 | (18) + MRK4 + OP2 | 59 184 16.78 ~ 9.88
7" | (18) + MRK4 + OP3 | 45 142 same as OP1
8 | (15) + MRK4 + OP1 | 54 166 10.12 ~ 3.92
Van Der Pol equation with y (0) € [1.9,21] Van Der Pol equation close-up fort € [3,4
1
3 -
Muller with subdivision (Lienard) Mdller with subdivision (Lienard)
Dynibex (Lienard) =14 r Dynibex (Lienard)
2+ — —— MREK4 (Lienard) —— MRK4 (Lienard)
B — RK4 (Lienard) — RK4 (Lienard)
e —— MRE4 (normal) —— MRK4 (normal}
Lr -16 |
= 0r =
18
1k
2 b -2.0
25 1 2 3 a 300 325 350 375 200

Time Time

Figure 2. VDP in the Liénard form in Eq. (18) compared with VDP form in Eq. (15) on the GPU as well as DynIbex
(CPU) and monotone inclusions (GPU, variant 1 from Table II)

significantly improved enclosure quality for the Liénard form of the Van der Pol oscillator compared
to purely a priori enclosure techniques. Moreover, all variants of our MRK4 implementation produce
tighter enclosures than monotone inclusion methods while requiring fewer subdivisions, thereby also
reducing runtime.

Future work will include more extensive numerical testing, as well as a more efficient workflow
for automatic differentiation to compute higher-order derivative tensors (up to order four) within a
unified GPU framework. In addition, implementing interval-aware automatic differentiation at com-
pile time appears promising for further reducing computational cost. Finally, improved subdivision
strategies remain an important direction for future research.
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