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Abstract. In engineering reliability assessment, simultaneously considering hybrid uncertainty is
crucial for ensuring structural safety and cost efficiency. Accurately characterizing the distribution
of the conditional failure probability (CFP) is therefore of great practical importance. However,
when the epistemic uncertainty involves high dimensional parameters, obtaining this distribution
remains a significant challenge. To address this issue, this study proposes an efficient and accurate
approach that integrates simulation-based post-processing with Bayesian inference to construct
the CFP distribution. Parameter samples are first generated using a good lattice point method
with partially stratified sampling, followed by reliability analysis to obtain CFP realizations. Beta
mixture distribution model is then employed to directly fit the CFP, with Bayesian estimation used
to determine the shape parameters of the mixture. The efficiency and accuracy of the proposed
approach are demonstrated through two numerical examples, covering bimodal distributions and
finite-element frame structures.

Keywords: Conditional failure probability; Probability distribution; High-dimensional; Beta mix-
ture; Bayesian estimation

1. Introduction

In practical engineering, uncertainties are inevitable, arising from material variability, measurement
errors, modeling simplifications, and external disturbances (Li et al., 2022a). Generally speaking,
uncertainties can be divided into two types: aleatory uncertainty and epistemic uncertainty (Der Ki-
ureghian and Ditlevsen, 2009). Aleatory uncertainty reflects the inherent randomness of physical
variables and is irreducible, whereas epistemic uncertainty stems from limited knowledge and can be
reduced with additional data or improved models. Traditional reliability analysis typically considers
only aleatory uncertainty, which is modeled using random variables, leading to a deterministic
failure probability. However, in real engineering applications, such as wind loads on bridges, limited
data and measurements introduce significant epistemic uncertainty, making it difficult to establish
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accurate probabilistic models. In other words, improved knowledge leads to more accurate mod-
eling. As pointed out by Der Kiureghian and Ditlevsen (Der Kiureghian and Ditlevsen, 2009),
neglecting the distinction between these two types of uncertainty may result in biased estimates of
the failure probability. Therefore, structural reliability analysis under hybrid uncertainty is of great
importance (Hoffman and Hammonds, 1994).

Currently, three main frameworks are used to model hybrid uncertainty: probability boxes
(p-boxes) (Faes et al., 2021; Yang et al., 2023), fuzzy probability (Moller and Beer, 2013), and
hierarchical probabilistic models (Zhao et al., 2018; Zhao and Lu, 2021; Chen and Wan, 2019).
Among them, hierarchical probabilistic models have attracted considerable attention because they
naturally incorporate Bayesian updating to reduce epistemic uncertainty (Li et al., 2025). This
framework describes hybrid uncertainty using a two-level probabilistic structure, where epistemic
and aleatory uncertainties are represented at the outer and inner levels, respectively. Within this
framework, the failure probability becomes dependent on epistemic parameters and is thus treated
as a random variable, referred to as the conditional failure probability (CFP). Accordingly, the
conditional reliability index (CRI) is also uncertain (Kiureghian, 1989).

In practical applications, uncertainty in distribution parameters is often a dominant source of
epistemic uncertainty and can significantly affect reliability assessment results. Various methods
have been developed to account for this effect, including the first-order second-moment method (Zhao
and Jiang, 1992), point-estimate methods (Hong, 1996), and first-order approximation method-
ology (Der Kiureghian, 2008), which aim to estimate the predictive failure probability (PFP).
However, while PFP reflects the influence of parameter uncertainty, it cannot fully characterize the
variability and distributional features of the CFP (Zhao et al., 2018).

Therefore, it is essential to characterize the probability distribution of the CFP for a more
transparent assessment of structural risk. To this end, Ang and De Leon (Ang and De Leon, 2005)
employed the Monte Carlo simulation (MCS) for estimating the expected and percentile values of
the conditional probability of failure, but the method is computationally expensive to obtain a large
number of CFP samples to ensure the accuracy of the results, especially for large- scale structures.
Later, Der Kiureghian et al. (Der Kiureghian and Ditlevsen, 2009) derived the explicit PDF of
CFP for the case of a linear limit-state function and normal random variables. For general cases,
it is difficult to obtain the explicit PDF of CFP /CRI. Zhao et al. (Zhao et al., 2018) proposed
a novel statistical analysis approach to determine the PFP and quantiles of CFP. However, the
results of PFP may be unreliable when the variability of CFP is large. Li et al. (Li et al., 2022a; Li
et al., 2022b) employed the first four/three moments of CRI and unimodal distribution (three-
parameter normal/lognormal distribution) to fit the CRI distribution. However, this method may
not accurately capture the characteristics of a bimodal CRI distribution in practical engineering,
which would result in a loss of precision. Recently, Leng et al. (Leng et al., 2025) designed a
fixed sampling distribution and used KDE to fit the CFP distribution. However, it is not suitable
for high- dimensional or nonlinear problems, which limits its applicability in practical engineering
applications.

To address these limitations, this study develops an efficient and robust method to directly
approximate the distribution of the CFP under high-dimensional parameter uncertainty. A flex-
ible bounded mixture of Beta distributions model is employed to accurately represent the CFP.
The model parameters are efficiently estimated by combining advanced sampling strategies with
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Bayesian inference. The remainder of this paper is organized as follows. In Section 2, the problem
formulation considering parameter uncertainty is introduced. Section 3 introduces the proposed an
efficient reliability analysis method under hybrid uncertainty for high-dimensional problems. Two
numerical examples are studied in Section 4 to illustrate the proposed method. Section 5 concludes
the paper with some final remarks.

2. Problem Formulation

Structural reliability analysis aims to evaluate the failure probability of a structure. The failure
probability Py is theoretically defined as

= o Ix(@) 1)

where X = [X1, X, ..., X;;] is an n-dimensional vector of independent random variables, represent-
ing uncertainties in material properties, geometric parameters, loads, and environmental conditions.
Here, fx(x) is the joint probability density function (PDF) of X, and G(X) is the performance
function, with G(X) < 0 defining the failure domain.

Eq. 1 represents the theoretical failure probability under perfect knowledge. However, in practical
applications, available data are often limited or of low quality, leading to significant uncertainty in
the estimation of distribution parameters (e.g., means and standard deviations). This introduces
epistemic uncertainty into the reliability analysis.

In this study, the distribution parameter uncertainty is modeled by random variables notated
as the vector @. Hence the failure probability becomes a random variable varying with &, denoted
as P¢(@). It can be formulated as (Kiureghian, 1989):

PH(©) = / Fxi(x]0) dx 2)
G(X)<0

where f X|@(:L']0) denotes the conditional joint PDF of random variables X based on the uncertain
distribution parameters @.

To characterize the impact of parameter uncertainty, it is necessary to analyze the statistical
properties of the CFP. However, evaluating Eq. 2 for different realizations of ® can be computa-
tionally demanding, especially for high-dimensional problems. Therefore, an efficient and robust
approach is required for reliability assessment.

3. Proposed Method for High-Dimensional Reliability Analysis under Hybrid
Uncertainty
This section presents a novel method for high-dimensional reliability analysis under hybrid un-

certainty, based on a parameterized modeling approach for the conditional failure probability
(CFP) combined with Bayesian inference. Section 3.1 introduces an efficient sampling strategy
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for generating distribution parameter samples. In Section 3.2, the PDF and CDF of the CFP are
constructed explicitly using beta mixture model. Finally, Section 3.3 employs Bayesian inference to
estimate the model parameters.

3.1. GENERATION OF CONDITIONAL FAILURE PROBABILITY SAMPLES

To improve sampling efficiency in high-dimensional parameter spaces, this study adopts the good
lattice point method combined with partially stratified sampling (GLPM-PSS) proposed by Xu et
al. (Xu and Dang, 2019). This approach integrates low-discrepancy sequences with partial stratified
sampling (PSS) to maximize uniformity in high-dimensional sample spaces while reducing sample
variance.

In GLPM-PSS, the high-dimensional space is first partitioned into several low-dimensional or-
thogonal subspaces using PSS, avoiding the infeasibility of full-dimensional stratification (Shields
and Zhang, 2016). As shown in prior studies, significant variance reduction can be achieved when
subspaces are one- or two-dimensional (Shields et al., 2015). Accordingly, for an even sample
dimension s, the space is divided into s/2 two-dimensional subspaces, denoted as PSS - 25/2; for
odd s, it is divided into (s — 1)/2 two-dimensional subspaces and one one-dimensional subspace,
denoted as PSS - 2(5=1/2 x 11, Uniform samples are straightforward in one-dimensional subspaces,
while achieving uniformity in two-dimensional subspaces is crucial for overall variance reduction.

Among various low-discrepancy sequences such as Halton, GLPM, Sobol, and Hammersley,
GLPM generates the most uniform two-dimensional point sets for a given sample size, thereby
achieving maximum variance reduction. In practice, GLPM is applied to generate samples in the
first two-dimensional subspace. Remaining two-dimensional subspaces are randomly permuted, and
high-dimensional samples are assembled via random pairing. Finally, the inverse CDF transforma-
tion maps uniform high-dimensional samples into the physical space of the target parameters:

where u(® are samples from the uniform distribution on [0,1], N is the sample size, and Fél is the
inverse CDF of the parameters ©.

The high-dimensional parameter samples generated by GLPM-PSS are subsequently used in
reliability analysis methods—such as the first-order reliability method (FORM), second-order re-
liability method (SORM), simulation-based approaches, high-order moment methods or surrogate
models to obtain the corresponding CFP samples.

3.2. SELECTION OF A SUITABLE DISTRIBUTION MODEL FOR CFP

To obtain an accurate analytical expression of the CFP distribution, it is necessary to construct a
parametric model with sufficient flexibility and adaptability. Common parametric models include
the Pearson system (Pearson et al., 1979), Hermite model (Winterstein, 1988), saddle point ap-
proximation (Daniels, 1954), among others. However, these models often exhibit limited flexibility
and are generally suited only for unimodal distributions, making them less effective in capturing
complex multimodal or heavy-tailed behaviors.
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Since the CFP is bounded between 0 and 1, the beta distribution naturally provides a suitable
support. A single beta distribution with shape parameters o and g has the PDF:

I'a+ p)

a—1l/1 -1
ORI X 0<x <1, (4)

fXia,B) =
and the corresponding CDF is
F(Xia.0) = [ f(ta.5)dt (5)
0

where I'(+) is the Gamma function. By adjusting o and f3, the beta distribution can represent a wide
variety of shapes, including symmetric, left- or right-skewed, U-shaped, or bell-shaped distributions.

However, in practice, CFP distributions can exhibit long tails or even multimodal behavior,
which a single beta distribution cannot fully capture. To accommodate these features, a beta
mixture distribution with K components is adopted. Its PDF is expressed as

K
fr,(p) = wi f(praw, B), 0<p<1, (6)

k=1

where wy denotes the weight of the k-th component Zszl wg = 1, K is the number of mixture
components, and ag, 8 are the shape parameters of that component. The corresponding CDF is
given by

K
Fp,(p) =Y wi F(p; o, Bi).- (7)
k=1

The mean of the beta mixture distribution is given by

K
g
E[Ps| = _
[Py] ;wkak—kﬁlf ®)

and its variance can be computed as

K K 2
_ B 7 _ 2
Var[Py] = ;wk or T B T Bt D) +;wk (awﬁk) E[Py)%. 9)

The beta mixture model provides a flexible and explicit representation of the CFP distribu-
tion, capable of capturing skewness, heavy tails, and multimodality. This explicit representation
facilitates subsequent risk quantification and reliability analysis.
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3.3. BAYESIAN ESTIMATION OF BETA MIXTURE MODEL PARAMETERS

In this study, a beta mixture distribution with two components is adopted to model the CFP,
achieving a balance between flexibility and computational efficiency. For high-dimensional prob-
lems, traditional moment-based methods often require a large number of samples, which can be
computationally expensive. In contrast, Bayesian estimation provides robust and reliable parameter
estimates even with a limited number of samples, by combining prior knowledge with observed
sample data.

To improve estimation stability, Bayesian inference is adopted, treating the shape parameters
as random variables. For the two-component beta mixture distribution, the four shape parameters
are denoted as ¢ = (aq, 81, ag, B2) and a non-informative prior is assigned:

mo(@) x 1, aq,f1,az, 2 > 0. (10)

To simplify the estimation and reduce the parameter dimension, the mixture weight of the
first component is fixed at w; = 0.7, and the weight of the second component is determined as
wy = 1 —wy. This allows stable estimation of the shape parameters while maintaining the flexibility
of the beta mixture model.

Let {p;}Y, denote the CFP samples generated using the GLPM-PSS sampling method (Section
3.1) combined with reliability analysis techniques. The likelihood function for the beta mixture
model is

N
L{pi} | ¢) =[] fr,(pi | 0), (11)
=1

where fp, (- | @) is the PDF of the beta mixture distribution Eq. 6.
According to Bayes’ theorem, the posterior distribution of the shape parameters is

W L(pi} | @) mo(d)
(@ 1P = T} 1 9) mo(e) i (12)

The Bayesian estimate of the parameters is typically taken as the posterior mean:

b=Elp | {pi}] = / s | (1) d. (13)

Since this integral is generally intractable analytically, Markov Chain Monte Carlo (MCMC)
methods Gibbs sampling (Geman and Geman, 1984; Zhao et al., 2025) is employed to generate
posterior samples. The posterior mean is then approximated by the sample average:

br S ), (14)

Ng “
K]
where Ng is the total number of posterior samples, and q_')(i) is the i-th sample.

This Bayesian estimation framework with fixed mixture weight ensures stable and reliable
determination of the beta nixture shape parameters, even when the number of CFP samples is
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limited. With the estimated parameters, the beta mixture model can be used for CFP distribution
representation and high-dimensional reliability analysis.

4. Numerical examples

4.1. EXAMPLE 1: BIMODAL DISTRIBUTIONS

In this example, the performance function is considered:

200
G(X)=30vV2+ ) _ X;— 165 (15)

=1

The random variables are assumed to be mutually independent, and each variable follows a normal
distribution with an unknown mean and unit standard deviation. The means are modeled using a
Gaussian mixture distribution with two components (means of —10 and —3, standard deviations of
0.5, and weights of 0.7 and 0.3), while the remaining variables have means equal to 1 and variance
0.1.

Since G(X) isa linear combination of independent normal random variables, the resulting re-
sponse Z also follows a normal distribution. Its mean and variance can be explicitly obtained as

Lz = avd+ 2?21 pux, — 165, oz = \/Zle 02 = Vd. Accordingly, the reliability index and the

failure probability can be expressed as

iy T - 165
B=—= (16)
oz Vd

P =a(-f) (17)

where ®(-) denotes the CDF of the standard normal distribution.

For each realization of the mean vector, the failure probability is evaluated using Eqgs. 16 and 17,
yielding samples of the CFP. Based on these CFP samples, the proposed method is then employed
to estimate the distribution of the failure probability. Fig. 1 illustrates the estimated PDF and
CDF of the CFP based on 20 independent runs, together with the results obtained by the FSD-
KDE approach and the reference solution from MCS with 10% samples. The results show that the
proposed method is able to reproduce the bimodal nature of the CFP distribution more effectively
than FSD-KDE. In particular, the estimated PDF aligns well with the MCS histogram, accurately
capturing the locations of the peaks, while the corresponding CDF closely follows the empirical
curve obtained from MCS. Furthermore, the PDF's obtained from repeated runs exhibit only minor
variability, and the CDF's are nearly indistinguishable, indicating good stability and consistency of
the proposed method.

Table I summarizes the mean, standard deviation, and the 0.75 and 0.90 quantiles of the CFP
estimated by the proposed method and FSD-KDE, in comparison with the MCS results. It can
be observed that the proposed method yields relative errors generally below 5%, demonstrating
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Figure 1. Histogram with PDF and CDF of P¢(®) in Example 1.

Table I. Summary of some statistical values of CFP in Example 1.

Method Mean of P;(@) Std of Pf(@) 75% quantile of P;(@) 90% quantile of P;(@) N
MCS 1.086 x 107 9.311 x 1077 1.594 x 107° 2.280 x 107 108
The proposed method 1.069 x 107%  9.135 x 1077 1.613 x 107° 2.268 x 1079 377
(1.565%, 0.026) (1.890%, 0.039)  (1.192%, 0.035) (0.526%, 0.038)
FSD-KDE (Leng et al., 2025) 9.521 x 1077 7.410 x 1077 1.330 x 107° 1.855 x 107° 10*
(12.330%) (20.417%) (16.562%) (18.640%)

Zhao et al. (Zhao et al., 2018) - -

Note: Std denotes the standard deviation of the CFP, and N is the number of CFP samples. The the proposed
method results are averaged over 20 independent runs. Values in parentheses denote the mean relative error with
respect to MCS and the corresponding coefficient of variation (CoV).

improved accuracy over FSD-KDE. In addition, the corresponding coefficients of variation (CoV)
remain at a low level, further confirming the robustness of the proposed method in handling bimodal
distributions. It is also noted that the method proposed in Ref. (Zhao et al., 2018) is not applicable
in this case due to its inability to capture bimodal behavior.

4.2. EXAMPLE 2: A FINITE-ELEMENT FRAME STRUCTURE
The second example considers a five-story three-span portal steel frame structure subjected to
lateral loads, as shown in Fig. 2, and has been studied in previous work (Blatman and Sudret,

2010; Wei and Rahman, 2007). Here, 21 random variables are defined as follows:

X =[P, P, P3,E1, By, I, I, I3, 14, I5, I, I7, I, A1, Aa, Ag, Au, As, Ag, A7, Ag] (18)
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Figure 2. Five-story three-span frame

Table II. Properties of the frame element.

Element Young’s Modulus Inertia moment Cross-section area

Bl E1 I5 AS
Bs Ey Is As
Bs FEq Iz Az
By Er Is As
Cy FEs 6 Ay
Co FEo I As
C’3 E2 IS AS
Cy FEo 14 As

These variables in the formula are assumed to be mutually independent. Since incomplete knowl-
edge of the distributions of random variables is common in practical engineering, this example
further accounts for distribution parameter uncertainty, in which both the means and standard
deviations of the random variables are treated as random variables. The structural data and random
variables statistical properties are shown in Tables II and I1I, respectively. In this study, for practical
considerations, the lateral load is assumed to follow a lognormal distribution, whereas the material
properties are modeled using a truncated normal distribution over the range (0, +00) as suggested
by Blatman and Sudret (Blatman and Sudret, 2010), as negative values for material properties are
meaningless.

Similarly, 377 samples of the distribution parameters were generated using GLPM-PSS, and
the corresponding 377 CFP samples were obtained via Subset Simulation. Based on the proposed
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Table III. Distribution statistical characteristics of the random variables in Example 2.

Parameters Distribution Mean Value Standard Deviation

Py (kN) Lognormal LN(133.454, 6.673) LN(40.040, 2.002)

P, (kN) Lognormal LN(88.970, 4.449) LN(35.590, 1.780)

P; (kN) Lognormal LN(71.175, 3.559) LN(28.470, 1.424)

Ey (kN/m?) Truncated normal (0,+00) LN(2.174x107, 1.087x10°) LN(1.915x107, 9.576x10%)
E> (kN/m?)  Truncated normal (0,+00) LN(2.380x107, 1.190x10%)  LN(1.915x107, 9.576x10%)
I (m%) Truncated normal (0, +00)  LN(0.008, 4.050x10~%) LN(0.001, 5.500x10~°)
I, (m") Truncated normal (0, +00) LN(0.012, 5.750x10™*) LN(0.001, 6.500x10™7)
I3 (m*) Truncated normal (0, +o00)  LN(0.021, 1.100x107?) LN(0.003, 1.300x10™%)
Iy (m*) Truncated normal (0, +00)  LN(0.026, 1.300x10~?) LN(0.003, 1.500x107%)
Is (m*) Truncated normal (0, +00) LN(0.011, 5.400x10™%) LN(0.003, 1.300x10™%)
Is (m*) Truncated normal (0, +00) LN(0.014, 7.050x10™*) LN(0.004, 1.500x107%)
I (m*) Truncated normal (0, +00)  LN(0.023, 1.200x107%) LN(0.006, 2.800x10™%)
Is (m*) Truncated normal (0, +00) LN(0.026, 1.300x107%) LN(0.007, 3.250x10~%)
A; (m?) Truncated normal (0, +00) LN(0.313, 1.565x1072) LN(0.056, 2.800x107%)
Az (m?) Truncated normal (0, +00) LN(0.372, 1.860x1072) LN(0.074, 3.700x10™%)
Az (m?) Truncated normal (0, +00)  LN(0.506, 2.530x1072) LN(0.093, 4.700x107%)
Ag (m?) Truncated normal (0, +00) LN(0.558, 2.790x1072) LN(0.112, 5.600x10™%)
As (m?) Truncated normal (0, +00) LN(0.253, 1.270x1072) LN(0.093, 4.700x107%)
Ag (m?) Truncated normal (0, +00) LN(0.291, 1.460x1072) LN(0.102, 5.100x10™%)
Az (m?) Truncated normal (0, +00) LN(0.373, 1.870x1072) LN(0.121, 6.000x10™?)
As (m?) Truncated normal (0, +00)  LN(0.419, 2.090x1072) LN(0.195, 9.800x107%)

method, the PDF and CDF of the CFP were then constructed. Fig. 3 compares the histogram and
empirical CDF obtained from 10° MCS samples with the results estimated by the proposed method
and FSD-KDE. It can be observed that both the proposed method and FSD-KDE provide good
agreement with MCS and successfully capture the main characteristics of the CFP distribution. In
contrast, the method in Ref. (Zhao et al., 2018) only estimates the conditional reliability index and
therefore does not directly provide the full distribution of CFP for comparison.

Table IV further summarizes the mean, standard deviation, and the 75% and 90% quantiles of
the CFP obtained by different methods. The results indicate that the proposed method and FSD-
KDE achieve relative errors within approximately 10%, while noticeable discrepancies are observed
for the method of Zhao et al. (Zhao et al., 2018).
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Figure 3. Histogram with PDF and CDF of P¢(©) in Example 2.

Table IV. Summary of some statistical values of CFP in Example 2.

Method Mean of Pf(@) Std of P;(@) 75% quantile of P;(@) 90% quantile of P;(®@) N
MCS 6.025 x 1073 3.292 x 1073 7.610 x 1073 1.034 x 1072 10°
the proposed method 5.869 x 1072 3.051 x 1073 7.428 x 1073 9.977 x 1073 377
(2.589%, 0.035) (7.321%, 0.110)  (2.392%, 0.044) (3.511%, 0.070)
FSD-KDE (Leng et al., 2025) 6.078 x 1072 3.379 x 1073 7.739 x 1073 1.040 x 1072 10%
(0.880%) (2.643%) (1.695%) (0.580%)
Zhao et al. (Zhao et al., 2018) 2.559 x 107™®  1.700 x 1073 3.325 x 1073 4.736 x 1073 42484

5. Concluding Remarks

This paper develops an efficient and robust approach for high-dimensional reliability analysis un-
der hybrid uncertainty. The proposed method directly fits the CFP distribution and explicitly
constructs its PDF and CDF, which facilitates risk quantification and reliability evaluation.

Numerical results show that the proposed method maintains accuracy comparable to the classic
Monte Carlo simulation (MCS), but only needs a very small number of CFP samples. The scheme
greatly reduces the computational burden.

Bayesian inference is used to estimate parameters of the beta mixture model. Combined with
beta mixture modeling, the method can effectively capture complex CFP characteristics such as
multimodality and skewness, which widely exist in practical engineering problems.

Moreover, the proposed method exhibits broad applicability under high-dimensional parameter
uncertainty. It performs effectively for the tested cases, including bimodal CFP distributions and
finite-element frame structures with high-dimensional parameter uncertainty.
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Despite the above merits, the required number of CFP samples may increase considerably for
ultra-high-dimensional problems with thousands of dimensions. In addition, the current frame-
work adopts a two-level sampling scheme, resulting in relatively high computational overhead.
Future research will focus on decoupling the nested computational structure to further improve
computational efficiency.
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