A Continuous-Time Markovian Framework for Performance-Based
Earthquake Engineering: Integrated Seismic Risk and Resilience
Assessment

Chiara Nardin, Stefano Marelli, Bruno Sudret and Marco Broccardo
Y Department of Civil, Environmental and Mechanical Engineering, University of Trento, 38132
Trento, Italy - {chiara.nardin, marco.broccardo} @unitn.it

2) Chair of Risk, Safety and Uncertainty Quantification, ETH Zurich, 8093 Zurich, Switzerland -
{cenardin,marellis,sudretb} @Qethz.ch

Abstract. Assessing the seismic reliability of structural systems increasingly requires models that
jointly represent damage evolution and recovery. Yet, the traditional PEER PBEE formulation does
not capture the temporal dynamics of post-event repair, and modern reliability analyses often rely
on scarce or uncertain recovery data, motivating the need for tractable methods.

We reformulate the PEER PBEE framework using a continuous time Markov Chain (CTMC)
Monte Carlo approach, which naturally models probabilistic transitions among damage and recovery
states under time-invariant seismic hazards. Transition rates incorporate metamodel-based state-
dependent fragility functions, as well as recovery processes, yielding a unified representation of
hazard effects and system evolution. Leveraging the analytical properties of CTMCs, we compute
steady-state performance statistics, such as mean time to failure and time spent in degraded states,
and define a resilience index adapted from the classical reliability index .

The approach is tested on a simple yet representative example, showing that the CTMC-
enhanced PBEE framework captures the temporal progression from damage to recovery in a
computationally efficient and data-flexible manner.
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1. Introduction

The PEER performance-based earthquake engineering (PBEE) framework has revolutionized seis-
mic risk quantification by decomposing performance assessment into hazard, structural response,
damage, and loss. Despite its success, the framework’s foundational assumptions, formalized in the
seminal works of (Cornell and Krawinkler, 2000) and (Moehle and Deierlein, 2004), feature specific
limitations regarding temporal dynamics, as noted by (Der Kiureghian, 2005). Two critical gaps
persist:

— probability-based vs. rate-based assessment: traditional PBEE evaluates risk through condi-
tional probabilities of damage given an intensity measure. However, reliability is intrinsically
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rate-based. By focusing on event-based probabilities, the framework often misses the underlying
temporal dynamics, specifically the transition rates that govern system evolution over time.

— absence of renewal mechanisms: real-world systems are not static; they degrade and recover.
While standard PBEE typically evaluates structures on a per-event basis, it lacks an intrinsic
renewal mechanism to account for the stochastic interplay between damage accumulation and
restoration.

Significant research has sought to address the first point by modeling seismic damage accumu-
lation. Several researchers (Guida and Pulcini, 2011; Iervolino et al., 2015a; Iervolino et al., 2015b)
proposed state-dependent Markov models to capture cumulative path-dependence, while (Andriotis
and Papakonstantinou, 2018) developed generalized frameworks for complex damage interactions.
While these models represent a major step forward, they remain largely probabilistic in terms of
damage exceedance. They do not explicitly represent the infinitesimal transition rates required to
seamlessly couple damage accumulation and recovery within a single, time-dependent stochastic
engine. Recent work by (Nardin et al., 2025; Nardin et al., 2026) bridged this gap by formulat-
ing damage accumulation via transition rates J\;;, directly derived from surrogate model-based
state-dependent PBEE fragility curves.

In parallel to these developments, the engineering community has prioritized the treatment
of recovery processes, shifting from a risk perspective to a resilience one. Thus, the research on
modeling recovery processes, registered a substantial progress over the past decade, not only in
conceptual and probabilistic frameworks, but also in developing widely available engineering soft-
ware that can embed recovery into seismic loss assessment. Indeed, many community- or regional-
scale resilience studies rely on recovery functions to be included into classical loss and damage
assessment procedure. A prominent example is the FEMA HAZUS model and manual (Federal
Emergency Management Agency (FEMA), 2020), which provides a national database of generalized
damage, loss, and recovery curves for use in large-scale planning and risk assessment (native to U.S.
practice). Similar examples include the P-58 project (Federal Emergency Management Agency
(FEMA), 2018a; Federal Emergency Management Agency (FEMA), 2018b), carried out by FEMA,
and the ongoing ATC-138 project (Applied Technology Council, 2021), that provides recovery-based
design tools and guidelines for modern buildings.

Nevertheless, a gap still remains: most existing formulations treat recovery as a post-event add-
on rather than a competing mechanism between degradation and repair interventions. Hence, a
unified framework capable of representing the continuous-time evolution of system performance
under the simultaneous mechanisms of hazard-driven degradation and repair-driven renewal is still
missing.

1.1. CONTRIBUTION

Based on these premises, in this paper, we address these challenges by generalizing the PEER PBEE
framework to a continuous-time Markov chain (CTMC) environment. We adopt a twofold strategy:
we first propose a unified stochastic dynamics approach, where we represent both damage and
recovery as stochastic state transitions, allowing for a rigorous treatment of system performance
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Figure 1. (a) State transition diagram for the 3-state CTMC model, and (b) example of possible CTMC trajectories

simulating transitions from undamaged -0- to damaged -1- and collapse -2- states, along with the recovery path from
state -1- to -0-.

over any decision horizon. We then shift to a rate-based approach, by showing that hazard effects
can be embedded through state-dependent transition rates rather than static probabilities.

Under this generalized framework, structural collapse emerges naturally as an absorbing state,
while repair actions introduce a renewal mechanism that provides a formal basis for resilience
metrics. We conclude by validating these analytical CTMC solutions using Monte Carlo simulation,
demonstrating the flexibility of the framework for complex engineering applications.

2. Methodological Framework

Classical PEER-PBEE evaluates performance through exceedance probabilities derived under Pois-
sonian assumptions. While computationally efficient, this formulation implicitly enforces renewabil-
ity and memorylessness: after each event, the structure is assumed to return to its original condition.
Such assumptions hinder the consistent representation of cumulative damage, irreversible failure,
and recovery dynamics over long service horizons.

To overcome these limitations, we propose a generalization of the PEER PBEE within a continuous-
time Markov chain (CTMC) framework. The key conceptual shift is from probabilities of sys-
tem damage/deterioration to rates of full stochastic dynamic evolution considering both dam-
age/deterioration and recovery processes. Structural performance is represented as a stochastic
process evolving among discrete damage states, thereby embedding degradation and recovery
directly into the system dynamics.

Let D = {dso, ds1,...,dsc} denote the finite set of possible structural damage states, ordered by
increasing damage severity. Here, dsg represents the fully operational state, dsi,...,dsc_1 denote
progressively degraded conditions, and ds¢c represents collapse. In the CTMC context, collapse is
modeled as an absorbing state, representing an irreversible terminal condition.

The structural condition at time ¢ is described by the stochastic variable DS(t), with corre-
sponding state probabilities

mi(t) = P(DS(t) = ds;),  w(t) = [mo(t), ..., 7c(t)],
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satisfying Z?:o mi(t) = 1 at each time instant. In this framework, the evolution of the system de-
pends solely on its current state, thus replacing the renewal assumption with a physically consistent
memory of accumulated damage.

The CTMC is defined by its infinitesimal generator matrix Q = {Q;;}. For ¢ # j, Q);; represents
the transition rate from state ds; to state ds;, while diagonal entries satisfy

Qii = _ZQU' (1)
J#i

The time evolution of the state probability vector follows the Kolmogorov forward equation (see
(Ross, 2014; Trivedi and Bobbio, 2017; Brémaud, 2020)):

w(t) =7()Q, 7 (0) = o, (2)
the solution of which is available in closed form through the matrix exponential
7(t) = mee?, (3)

providing the exact transient occupancy probability of each damage state at any time.

One notable property of the generator matrix is its direct physical interpretation. Indeed, we can
see it as a composition of a damage (the upper triangular of the matrix) and recovery contributions
(the lower triangular). To exemplify, consider the 3-state system depicted in Fig. 1. Its generator
matrix reads:

- i—C }
- Z Aoj Aot Ao,C
§>0
Q = Qdam + Qrec = J=C (4)
110 — | p10 + Z Ay ] e
j>1
L 0 |

Damage transitions move the system toward more severe damage states; hence Qgam is upper-
triangular and characterized by transition rates A;; for j > 4. These rates incorporate state-
dependent fragility functions and the seismic hazard, as derived in (Nardin et al., 2025):

Ny = / P(DS = ds; | DS = dsy, im) [dA(im)|. (5)
IM

where A(2m) denotes the hazard curve and the conditional probability P(DS = ds; | DS = ds;, im)
represents the fragility conditioned on the current structural state and the hazard. This formulation
generalizes PEER-PBEE by replacing exceedance probabilities with transition intensities and by
explicitly conditioning on the instantaneous damage state. In the limiting case involving only dsg
and dsc, the classical two-state Poisson collapse model is recovered.

Recovery transitions, represented by Qyec, return the structure from more severe to less severe
states. These transitions populate the lower-triangular portion of the generator matrix and are
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governed by the corresponding recovery rates j;; for i > j. Although constant rates are used
here for computational tractability, the framework can in principle accommodate more complex
time-dependent or even stochastic recovery models if required.

Moreover, leveraging the structure of the generator matrix, we can partition it into the contri-
bution of transient states and absorbing states:

Q=% o). 0

where Qp corresponds to transitions among the non-collapse states dsg, ds1, and a = (Ao, \1o)T
to the transitions towards the absorbed state dsc.

Let 7 be the random variable describing the first time instant when the system collapses, and
Fr its cumulative distribution function (CDF). Then, the probability of the system entering the
absorbing collapse state by time t is derived from the missing probability mass in the transient
sub-generator Qr:

FPrit)=P(T <t)=1-S7(t)=1- Y m(t)=1—7mp(0)- 97" 17, (7)
i€Drp

where Dy = [dso, ds1] and S7 is the survival function. The product 7w (0)- e®7 gives the probability
distribution over all “safe” (i.e., non-collapsed) states at time ¢, and multiplication by the column
vector of ones 17 sums these probabilities. This formulation highlights an important structural
property of the transient sub-generator Qr: its rows do not sum to zero. In a standard generator
matrix @, each row sums to zero because total probability is conserved. In contrast, the rows of
Q7 sum to strictly negative values. The “missing” probability mass corresponds exactly to the rate
at which probability flows out of the transient state space and into the absorbing collapse state
(through the coupling vector a).

Following standard structural reliability jargon (Ditlevsen, 1979), we consider transition to the
absorbing state as failure, and therefore F'r-(t) in Eq. (7) as a time-dependent probability of failure.
We can therefore map this failure probability to a time-dependent reliability index [;:

Br =~ (Fr(t)), (8)

where @ is the standard normal CDF.

Thus, the reliability index f;, derived from the transient subgenerator Qr, measures the prob-
ability of no collapse by time ¢, but ignores how the system degrades beforehand. This limitation
motivates a shift to structural resilience, which emphasizes sustained performance over time. Ac-
cordingly, in a structural resilience perspective, the focus moves from the time-to-collapse T to the
occupation time of the undamaged state dsg.

First consider the occupation time of the undamaged state dsg over the interval [0, ], defined as

t
Ao(t) 12/0 1{Ds(s)=dso} 45, (9)

where 1 is the indicator function. The random variable Ap(t) represents the total time spent in
the undamaged state during [0, ¢].
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The expected occupation time admits a closed-form expression in terms of the transient sub-
generator Qr. Indeed, recalling that the mean of an indicator function equals the corresponding
probability, one obtains

E[Ao(t)] = / E[L{pis(s)—dsny] 45, = /

where P(DS(s) = dsp) is the unconditional probability of being in the undamaged state dsp at time
s. One recognizes that this quantity coincides with the (0,0) entry of the truncated fundamental
matrix

P(DS(s) = dsp)ds = /0 [eQTS]OO ds, (10)

N(t) = /t QT ds = Q! (eQTt —1I) (11)
0 g ’

so that E[Ao(t)] = noo(t), where n;;(t) denotes the (i, j) entry of IN(t) and represents the expected
total time spent in state ds;, starting from state ds;, over the interval [0,¢]. As ¢ — oo, the truncated
fundamental matrix converges to the well-known fundamental matrix (see (Ross, 2014; Trivedi and
Bobbio, 2017)) N = —Q}l, whose (7, j) entry n;; represents the expected total time spent in state
ds; before absorption, starting from state ds;.

We now define the unconditional metric Rg"¢ as the expected fraction of the horizon T, during
which the system does not remain in the undamaged state dsg, starting from dsg:

1 "00(Thor)

Runc _
0 )
Thor

(12)
where noo(Thor) = [IN(Thor)]oo is the (0,0) entry of the truncated fundamental matrix evaluated
at Tor. This metric is unconditional in the sense that the expectation is taken over all possible
trajectories, including those that reach the collapse state before Ti,,. Equivalently, R{" admits
the probabilistic interpretation

Rbmc = P(DS(U) 7é dSO)J U~ Z/[(O, Thor)v (13)

that is, the probability that a time instant U drawn uniformly at random from [0, T}, falls within
a period during which the system is not in the undamaged state, without conditioning on survival.
Consequently, a high value of R§"¢ indicates a higher likelihood of sustained or progressive damage
or early collapse, while a lower value reflects the system spends most of its time undamaged.

To maintain consistency with the reliability index 3, we introduce the resilience index p""¢ as

punc — _(I)fl(RBmC)’ (14)

where Ry € [0, 1] ensures that p""¢ is well defined. Since R{" is the expected fraction of time spent
in damaged states, the index p""¢ provides a one-to-one transformation of the resilience metric into
the standard normal space, directly comparable to 5;.

Interestingly, both the reliability and the resilience indices are fully consistent with the underly-
ing damage accumulation and recovery mechanisms encoded in the generator matrix Q. The latter
provides therefore a unified basis for comparing alternative structural configurations, retrofitting
strategies, or recovery policies within a single probabilistic framework.
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Moreover, since both indices are directly from Qg, their estimation does not require costly
Monte Carlo simulations, but they can be obtained directly by integrating Eq. (11). This makes
the approach particularly suitable for long-time horizon assessments, where repeated simulation of
event sequences would otherwise be computationally demanding.

3. A Simple Example: time evolution of a 3-state System

3.1. SYSTEM CONFIGURATION AND PARAMETERS

To demonstrate the capabilities of the CTMC-generalized PBEE framework, we analyze a 3-state
example that captures the fundamental competition between hazard-driven degradation and repair-
driven recovery. This system allows for a clear visualization of how infinitesimal transition rates
govern long-term structural performance.

As shown in Fig. 1, we consider a 3-state space D = {0,1,2}, where state ¢ = 2 represents
structural collapse. The transition rates within the generator matrix @ are defined as:

Ao1 = 0.02, Agz2 =0.0001, A2 = 0.005. (15)

and a time horizon Ty, of 50 years. These values are selected to reflect a physically consistent
engineering scenario: the rate of direct collapse from an undamaged state (Ag2) is significantly
lower than the rate of recoverable-damage from a pristine initial condition state (\p1), capturing
the general desired structural behavior.

Nevertheless, we let w19, i.e., the only recovery rate of the system, to range in the interval
1073 to 10! [years_l], corresponding to a mean recovery time that varies from months to over a
century. Fig. 2 illustrates the time-dependent occupancy probabilities over a 50-year horizon (T )
for two extreme scenarios: a low-recovery case (p19 = 107°) and a high-recovery case (p19 = 10%).
In panel (a), the near absence of recovery means that the system evolves in only one direction:
probability mass gradually shifts from the undamaged state dsg to the damaged state ds;, and
eventually to collapse dss. This behavior closely reflects the implicit assumption of classical PEER-
PBEE, where each seismic event affects a structure that is not repaired between events. As a result,
long-term performance is governed almost entirely by the damage rates A;;. In this limit, the CTMC
reproduces the traditional formulation, providing a useful consistency check.

Panel (b) shows a fundamentally different regime which can not be captured by the classical
framework. When the recovery rate pi19 becomes comparable to the damage rate Ag;, damage
and repair compete with each other and reach a balance. Instead of continuously degrading, the
probability of being in the undamaged state dsg remains relatively high over time, reflecting ongoing
repair. The probability of being in the damaged state ds; stays limited, and the rate of collapse
is significantly reduced. This type of behavior cannot be described using event-based exceedance
probabilities alone; it requires accounting for the transition rates between states in both directions,
which is what the generator matrix Q represents.

Taken together, these panels highlight the main advantage of the CTMC reformulation. In the
PEER-PBEE framework, hazard, fragility, and loss are evaluated separately for each event. In
contrast, the CTMC approach models damage and recovery together as a continuous process over
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Figure 2. Time-dependent occupancy probabilities for transient states (0, 1) and the absorbing collapse state (2) over
a 50-year horizon, comparing (a) negligible recovery (u1o = 107%), and (b) normal recovery (p10 = 1071).

time, so that the proportion of time spent in each damage state reflects the combined effect of these
competing mechanisms. This shifts the focus from the probability of exceeding a damage threshold
in a single event to the expected fraction of time the structure spends in each performance state over
its lifetime, which is a more informative and practical measure for lifecycle management, retrofit
prioritization, and recovery planning.

3.2. VERIFICATION AND PERFORMANCE METRICS

Next, we evaluate the reliability and resilience of the system using the metrics derived in Section 2:
the first-passage probability to collapse Fr(Thor) (Eq. (7)) and the expected damaged fraction of
lifetime Ry™ (Eq. (12)). Analytically, both quantities are computed from the sub-generator Qr of
the transient states via matrix exponentiation and the truncated fundamental matrix N (Tyo;), as
described in Section 2. To verify these predictions, we generate Ny, = 10° independent sample
trajectories of the CTMC using the full generator Q: holding times are drawn as At ~ Exp(—Qi;)
and the next state j is sampled with probability Q;;/(—Qii), censoring each path at Ther. A
trajectory contributes to the MCS estimate F (Thor) if it reaches the absorbing state within the
horizon, while R is estimated as the average fraction of [0, T}o;| over which damage accumulates
across all trajectories. The agreement between analytical and MCS results confirms the correctness
of both the theoretical expressions and their numerical implementation.

Figure 3 shows near-perfect agreement between the analytical predictions and the Monte Carlo
estimates across the full range of recovery rates pj0. The results confirm that Fr and Rg™¢ are
smooth, monotone functions of 119, and that even a modest increase in recovery rate produces a
substantial reduction in collapse probability and a marked increase in the fraction of time spent in
the operational state. This sensitivity is not a numerical artifact: it reflects the physical competition
between damage and recovery encoded in Q, and it is precisely what the CTMC paradigm makes
quantitatively accessible. In the classical PEER-PBEE setting, such a sensitivity curve cannot be
so easily constructed, because recovery has no direct representation in the framework.

The convergence of the MC estimates is examined in Fig. 4. In the case of ujp = 1072 /years,
the running mean stabilizes well before the 10° trajectory limit and confidence interval consistently
narrows, confirming the reliability of the simulation baseline. The analytical solution via Qr reaches
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Figure 3. Comparison of (a) first-passage probability Fr(-) and (b) resilience metric Rg™® calculated via analytical
CTMC estimation and Monte Carlo simulation across a range of recovery rates. The colored box indicates the region
zoomed in Fig. 4 to illustrate Monte Carlo convergence.
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Figure 4. Monte Carlo convergence analysis showing the running mean and standard error for (a) the first-passage
probability Fr(Thor) and (b) resilience metric Rg™° as a function of the number of simulations Ngim.

the same result instantaneously, which is a practical bonus for long-horizon assessments. More
importantly, both routes agree, lending credibility to the CTMC model itself as a representation of
the underlying engineering problem.

Finally, Fig. 5 maps the system performance onto the S—p""¢ plane as pig varies across sev-
eral orders of magnitude. Grey-filled markers correspond to the specific values of u1g9 adopted in
Fig. 3, providing a direct link between the two figures. The green-shaded region identifies the
high-performance quadrant, defined by 8 > 2 and p > 2, which represents configurations where
the system is simultaneously highly reliable and highly resilient; this threshold can be used as
a practical design target. The various points concretely illustrates how recovery capacity shapes
overall performance: systems with negligible repair rates cluster in the low-reliability, low-resilience
corner, while faster recovery pushes the system into the desirable quadrant.

One can also observe a positive correlation between 5 and p""¢ along the trajectory. This is not
incidental: by construction, p""¢ is defined through Ry"¢, which accounts for the fraction of lifetime
spent in damaged states across all trajectories, including those that reach collapse. For low values of
1410, collapse events are more frequent, meaning a larger share of trajectories contributes damaged
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Figure 5. System performance trajectory in the resilience (p""°) vs. reliability (8) domain, illustrating how increasing
recovery rates move the system into the high-performance quadrant.

time up to absorption, which simultaneously depresses both 5 and p""°. As recovery rates increase,
fewer trajectories reach collapse, damage accumulation is curtailed, and both indices rise together.

Crucially, this entire mapmap is a direct output of the CTMC formulation and does not require
re-running a full probabilistic analysis for each configuration: it naturally follows from varying a
single entry of the generator matrix . This makes the S—p""° map a practical design and decision
tool, allowing an engineer to read off, for a target reliability or resilience level, the minimum recovery
rate that must be achieved through repair policies or structural intervention.

4. Conclusions

This paper presents a generalization of the PEER-PBEE framework that addresses two fundamental
limitations in contemporary seismic risk assessment: the implicit Poissonian renewal hypothesis
and the exclusion of recovery dynamics from the structural evolution. By adopting a continuous-
time Markov chain (CTMC) approach, we have established a framework that naturally integrates
hazard-driven damage accumulation and restoration processes under a unified stochastic engine.
Several key findings emerge from this work. First, we demonstrate that structural reliability
and resilience are not merely secondary outputs, but are directly encoded within the system’s
infinitesimal generator matrix Q. This mathematical coupling allows for the simultaneous evaluation
of state-dependent deterioration and recovery mechanisms. Such a formulation provides a rigorous
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basis for comparing alternative structural configurations, retrofitting strategies, and post-disaster
recovery policies within a single, consistent probabilistic environment.

Second, the analytical solutions derived for first-passage times and state occupancy were vali-
dated through extensive Monte Carlo simulations. The convergence between these methods high-
lights the computational efficiency of the CTMC approach; by utilizing analytical matrix expo-
nentials, the framework enables long-horizon performance assessments that would otherwise be
computationally prohibitive or statistically unstable using simulation alone.

The elegant, modular nature of this framework paves the way for several future research direc-
tions. The current time-invariant hazard assumption can be extended to incorporate time-variant
phenomena, such as seismic aftershock sequences or climate-induced degradation. Furthermore, the
rate-based formulation is flexible enough to accommodate diverse recovery models, ranging from
linear restoration to complex, resource-constrained logistical functions.
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